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Preliminaries






Chapter 1

Units and Metric

1.1  Units

It is customary in elementary particle physics and field theories to choose the
system of units such that the resulting expressions assume a simple form. In
particular, instead of working with the usual three mechanical units for length,
mass and time one introduces three basic units for velocity, action and length.

The choice of the velocity of light, ¢, as the unit for the velocity implies that

c=1. (1.1)

This in turn means that in such a system length and time have the same dimen-
sions and are equivalent units. With ¢ = 1 the relativistic energy—momentum
relation assumes the simple form

E*=p*+m?. (1.2)
Choosing next the unit of action, &, such that
h=1 (1.3)

connects the dimensions of mass, time and length.

Since time and length are equivalent, mass assumes the dimension of an
inverse length; the same holds consequently for the momentum and the energy
(1.2). The choice of 1 fm = 1073 cm as a length unit, for example, leads to
masses, momenta and energies all given in fm~'. Another frequently used unit
for energy is that of 1 MeV, i.e. the energy that an electron acquires when it is
accelerated by the voltage of 1 MV. The transformation of the expressions back
to the standard MKSA system can be achieved by multiplying all quantities
with the appropriate combinations of i and c. A particularly useful relation for
this conversion is

hic ~ 197.3 MeV fm . (1.4)
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1.2 Metric and Notation

All vectors, both ordinary three-component vectors and those in some internal
space, are distinguished by boldface italic print in this book.
In relativistic expressions four-vectors are always written as

At = (A9, A) = (A°, A, A2, A%) (1.5)

Four-vectors with a superscript are called contravariant vectors. Covariant vec-
tors, denoted by subscripts, are then defined by
Ay = guA” (1.6)

with the metric tensor g,, that reads in Cartesian coordinates in Minkowski
space

1 0 0 0
0 -1 0 0

9=l 0o o -1 o (1.7)
00 0 -1

The metric tensor with superscripts is used to raise the indices of four-vectors;
it is thus the inverse of g and is given by

9" = guv - (1.8)
A scalar product of two four-vectors is then defined by
A-B=A,B" = A"B, = AyBy — A- B (1.9)
if A* and B* are defined by
A* = (A" A), B"=(B"B). (1.10)

The invariant square of the four-vector is thus given by
A? = A AP = A2 — A% (1.11)

Here, as always in the text, the Einstein convention of summing over double
indices, one lower and one upper, is used. The components of four-vectors are
generally labeled by Greek indices, whereas Roman indices are used to refer
specifically to the last three (vector) components.

The space-time four-vector is

ot = (2%, %) = (¢, 7) , (1.12)
and the four-momentum is given by

P = (B, p) . (1.13)
Finally, the components of the contravariant four-gradient are abbreviated by

) o -
= _" _
) = e ((%’ v> , (1.14)
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so that the four-momentum operator is given by
P =io"

and the Lorentz-invariant d’Alembert operator by

0? =0
6Hau == @ —_— v = D .
Other important four-vectors are the current
* =]

and the electromagnetic potential

AP = (¢,/T) .

(1.15)

(1.16)

(1.17)

(1.18)
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Chapter 2

Classical Fields

In this chapter a few essential facts of classical field theory will be discussed. It
will first be shown how to derive the equations of motion of a field theory, for
example the Maxwell equations of electrodynamics, from a Lagrangian. Second,
the connection between symmetries of the Lagrangian and conservation laws will
be discussed. This is one of the central points for all the theoretical developments
in this book.

2.1 Equations of Motion

The equations of motion of classical mechanics can be obtained from a Lagrange
function by using Hamilton’s principle that the action for a given mechanical
system is stationary for the physical space—time evolution of the system.

The equations of motion for fields that determine their space—time depen-
dence can be obtained in an analogous way by identifying the field amplitudes
at a coordinate Z with the dynamical variables (coordinates) of the theory.

Let the functions that describe the fields be denoted by

D, (x) with z# = (t,7) (2.1)

where « labels the various fields appearing in a theory. The Lagrangian L of
the system is expressed in terms of a Lagrange density L, as follows:

L= /L(@a,a#%)d% : (2.2)

where the spatial integration is performed over the volume of the system. The
action S is then defined as usual by

ty
S = /Ldt = /E(Q)a,autba)d“x (2.3)
to Q

with d*z = d3z dt. The, in general finite, space-time volume of the system is
denoted by €.
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As pointed out before the fields @, (x) play the same role as the generalized
coordinates ¢; in classical mechanics; the analogy here is such that the fields
®,, correspond to the coordinates ¢ and the points ¥ and « to the classical
indices 7. The corresponding velocities are given in a direct analogy by the
time derivatives 0;®, of ®,. Lorentz covariance then requires that also the
derivatives with respect to the first three coordinates appear; this explains the
presence of the four-gradients 0, P, in (2.2).

In order to derive the field equations from the action S by Hamilton’s prin-
ciple, we now vary the fields and their derivatives

b, — P =0,+06d,
0,P0 — (0,P0) =0,P0 +0(0,P,) (2.4)

This yields

6L = L(P,(0,Pa)) — L(Pa, 0, Py) d*x
oL oL
— Ewmumzs(aﬂ%)
oL oL

= 5P, +

55 S On0%a) (2.5)

According to the Einstein convention a summation over y is implicitly contained
in this expression. In going from the second to the third line differentiation and
variation could be commuted because both are linear operations.

The equations of motion are now obtained from the variational principle

- oc oc oc ]
o5 / [(a% - a“a@%)) OPo O (a@%)“’“ﬂ @

=0 (2.6)

for arbitrary variations d®, under the constraint that
0, (tg) = P4 (t1) =0,

where ty and t; are the time-like boundaries of the four-volume 2. The last
term in (2.6) can be converted into a surface integral by using Gauss’s law; for
fields which are localized in space this surface integral vanishes if the surface
is moved out to infinity. Since the variations §®, are arbitrary the condition
0S = 0 leads to the equations of motion

9 or Y
Erm (a(a@a)) a0, Y (2.7)

The relativistic equivalence principle demands that these equations have
the same form in every inertial frame of reference, i.e. that they are Lorentz
covariant. This is only possible if £ is a Lorentz scalar, i.e. if it has the same
functional dependence on the fields and their derivatives in each reference frame.




2.1. EQUATIONS OF MOTION 11

In a further analogy to classical mechanics, the canonical field momentum is

defined as
oL oL

_ 9k _ 98 2.8
Db, ~ 90D, 28)

From £ and II, the Hamiltonian H is obtained as

H= /H dPr = /(Haci')a —L)d%z . (2.9)

(63

The Hamiltonian H represents the energy of the field configuration.

2.1.1 Examples

The following sections contain examples of classical field theories and their for-
mulation within the Lagrangian formalism just introduced. We start out with
the probably best-known case of classical electrodynamics, then generalize it to
a treatment of massive vector fields and then move on to a discussion of classical
Klein—Gordon and Dirac fields that will play a major role in the later chapters
of this book.

Electrodynamics

The best-known classical field theory is probably that of electrodynamics, in
which the Maxwell equations are the equations of motion. The two homogeneous
Maxwell equations allow us to rewrite the fields in terms of a four-potential

AF = (A%, A) | (2.10)
defined via
B = VxA,
» - 0A
— o_ 7
E = -vA"-—. (2.11)

Note that the two homogeneous Maxwell equations are now automatically ful-
filled. The two inhomogeneous Maxwell equations!

6 : E = P,
. . OE .
B—— = 3 2.12
V x 5 J (2.12)
can be rewritten as
19)
ny _qU
O FM = o v, (2.13)
with the four-current
7= (.]) (2.14)

1Here the Heaviside units are used with ¢ = 1 and eg = po = 1.



12 CHAPTER 2. CLASSICAL FIELDS

and the antisymmetric field tensor

QAT DA

- _
Oz, ox,

=orAY — OV A* . (2.15)
Equation (2.13) is the equation of motion for the field tensor or the four-vector

field A,,.
It is easy to show that (2.13) can be obtained from the Lagrangian

1
L= FuF" —j A, (2.16)

by using (2.7); the fields A” here play the role of the fields @, in (2.7). We have

o

8141/ - .] 9

oL 1
— = —-2(+FW —F"M) = —FH . 2.1
56 220+ ) (2.17)

The last step is possible because F' is an antisymmetric tensor.
The equation of motion is therefore

Bl oL oL
N _ —— % Vo
dah (a(aﬂAu)) dA, OF 77 =0 (2.18)

in agreement with (2.13). It is now easy to interpret the two terms in £ (2.16):
the first one gives the Lagrangian for the free electromagnetic field, whereas the
second describes the interaction of the field with charges and currents.

The two homogeneous Maxwell equations can also be expressed in terms of
the field tensor by first introducing the dual field tensor

nZ 1 vpo
Fr = 56“ P7 Fpo ; (2.19)

here e#¥P9 is the Levi-Civita antisymmetric tensor which assumes the values +1
or —1 according to whether (uvpo) is an even or odd permutation of (0,1,2,3),
and 0 otherwise. In terms of F' the homogeneous Maxwell equations read

O F" =0 . (2.20)

By definition, the field tensor (2.15) is invariant under a gauge transforma-
tion

AP AW = AP 4 9 . (2.21)

The same then holds for the equation of motion (2.18). This freedom can be used
to impose constraints on the four components of the vector field A*. In addition,
for free fields this gauge freedom can be used, for example, to set the zeroth
component of the four-potential equal to zero. Thus, a free electromagnetic field
has only two degrees of freedom left.
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Massive Vector Fields

Vector fields, in which — in contrast to the electromagnetic field — the field
quanta are massive, are described by the so-called Proca equation:

O F" +m?AY = j¥ . (2.22)

Operating on this equation with the four-divergence 0, gives, because F' is
antisymmetric,

m?0,A” = 0,5" . (2.23)

For m # 0 and a conserved current, this reduces the equation of motion (2.22)
to

(O4+m*) A =3";  9,4"=0. (2.24)

Thus for massive vector fields the freedom to make gauge transformations on
the vector field is lost. The condition of vanishing four-divergence of the field
reduces the degrees of freedom of the field from four to three. The space-like
components represent the physical degrees of freedom.

The Lagrangian that leads to (2.22) is given by

L= —iF2 + %m2A2 —j-A. (2.25)

Klein—Gordon Fields

A particularly simple example is provided by the so-called Klein—Gordon field
¢ that obeys the equation of motion

(00" +m*)p=(0+m*)¢p=0; (2.26)

such a field describes scalar particles, i.e. particles without intrinsic spin. The
Lagrangian leading to (2.26) is given by

£= 5 ((0,0) (0"9) — ) (2.27)
since we have
oL
56,9 = 9" (2.28)
and
oc 9
0 — . (2.29)

An interesting case occurs if we consider two independent real scalar fields,
¢1 and ¢o, with the same mass m. The total Lagrangian is then simply given
by a sum over the Lagrangians describing the individual fields, i.e.

L= 5 (0u1) (061) — m?6%) + 3 ((Oubo) ("62) ~m?63) . (230)
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On the other hand, we can also construct two complex fields from the two real
fields ¢ and ¢2, namely

1
V2

and its complex conjugate. In terms of these the Lagrangian (2.30) can be
rewritten to

¢ (¢1 +id2) (2.31)

L= (0u0)" (9") - m?676 . (2.32)

Dirac Fields

A particularly simple example is provided by the Dirac field ¥ for which the
equation of motion is just the Dirac equation

(iv"9, —m)¥ =0, (2.33)

where the 7, are the usual (4 x 4) matrices of Dirac theory (see Appendix A.1).
U itself is a (4 x 1) matrix of four independent fields, a so-called spinor.
The corresponding Lagrangian is given by

L=0(iy"0, —m) ¥ . (2.34)

This can be seen by identifying the fields ®,, in (2.7) with the four components
of the Dirac spinor ¥ = Wiy, Since £ does not depend on 0,V the equation
of motion is simply given by

g—é = ([0, —m)¥ =0. (2.35)

2.2 Symmetries and Conservation Laws

As in classical mechanics there is also in field theory a conservation law asso-
ciated with each continuous symmetry of £. The theorem which describes the
connection between the invariance of the Lagrangian under a continuous sym-
metry transformation and the related conserved current is known as Noether’s
theorem. In the following, this will be illustrated for different types of symme-
tries which then lead to the well-known conservation laws.

The common expression in the arguments to follow is the change of the
Lagrangian density under a change of the fields and their derivatives (see (2.4)).
According to (2.5) and the Lagrange equations of motion (2.7) this change is
given by

5L =0, (%5%) . (2.36)
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2.2.1 Geometrical Space-Time Symmetries

In this section we investigate the consequences of translations in four-dimensio-
nal space—time, i.e. infinitesimal transformations of the form

T, > T, =T, 6 (2.37)

where the infinitesimal shift €, is independent of the coordinate z,,. Under such
transformations the change of £ is given by
oL
oL = Eya—xl/ = EVBVE y (238)
since L is a scalar.

If now L is required to be form-invariant under translations, it does not
explicitly depend on z,. In this case, L is also given by (2.36). The changes
of the fields @, appearing there are for the space—time translation considered
here given by

0P

§Bo = €y = 6,07 D, . 2.39
o, € (2.39)

Inserting (2.39) into (2.36) yields

or
Equating (2.40) and (2.38) finally gives
oL
v _ 220 -
9, (73(8#%)8 ,—Lg ) 0, (2.41)

since the €, are arbitrary. By defining the tensor T as

oL
w — vdH 127
T = 8@%)6 - (2.42)

this equation reads
0,T" =0. (2.43)

Relation (2.43) has the form of a continuity equation. Spatial integration
over a finite volume yields

dt ) oxi

i .
4 / T yte | = — 27 = 7{ G 7S (2.44)
\% %4 S

Here 7 is a unit vector vertical on the surface S pointing outwards and ISOBN
a three-vector:

SW) = (7t T2k T3 (2.45)
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The surface integral on the rhs of (2.44) is taken over the surface S of volume
V. For localized fields it can be made to vanish by extending the volume towards
infinity. It is then evident that the quantities

PH = / T d3x (2.46)

are conserved. These are the components of the four-momentum of the field, as
can be verified for the zeroth component,

oL
0 00 33 0 3
PY = /T dx—/<7(0 )8<I>Q—E)dx

= /(nacba ~L)dPr=H |, (2.47)

according to (2.8) and (2.9). The spatial components of the field momentum
are

oL
k _ 0k 13,. _ Y= a9k 3
P _/T dx—/a(aoq)a)ﬁ o, d°z . (2.48)

TH | as defined in (2.42), has no specific symmetry properties. It can, how-
ever, always be made symmetric in its Lorentz indices because (2.43) does not
define the tensor 7" uniquely. We can always add a term of the form 0y D ¥,
where DM is a tensor antisymmetric in the indices A\ and p, such that T
becomes symmetric.?

Comparing (2.44) with (2.48) and assuming 7" to be symmetric we see that
the normal components of the vectors S*) in (2.45) describe the momentum
flow through the surface S of the volume V and thus determine the “radiation
pressure” of the field.> These properties allow us to identify 7}, as the energy—
momentum tensor of the field. For the Lagrangian (2.16) of electrodynamics
T, is just the well-known Maxwell’s stress tensor.

As already mentioned at the beginning of this chapter these conservation
laws are special cases of Noether’s theorem, which can be summarized for the
general case as follows:

Each continuous symmetry transformation that leaves the Lagrangian
invariant is associated with a conserved current. The spatial integral
over this current’s zeroth component yields a conserved charge.

2In classical mechanics the form invariance of the Lagrangian under rotations leads to
the conservation of angular momentum. Analogously, in a relativistic field theory the form
invariance of £ under four-dimensional space-time rotations (Lorentz invariance) leads to the
conservation of a quantity that is identified with the angular momentum of the field. To
obtain the same form for the angular momentum as in classical mechanics it is essential that
Ty is symmetric.

3More precisely, S¥(#) denotes the flux of the upth component of the field momentum in

the direction z*.
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2.2.2 Internal Symmetries

Relativistic field theories may contain conservation laws that are not conse-
quences of space-time symmetries of the Lagrangian, but instead are connected
with symmetries in the internal degrees of freedom such as, e.g., isospin or
charge.

We therefore now allow for a mixture of the different fields under the trans-
formation

Dy (z) — O (1) = e sy (2.49)

where € is an infinitesimal parameter and the gg are fixed c-numbers. We then
have

8P, (x) = ) (z) — o () = —ieqapPps(x) . (2.50)
The change of the Lagrangian is given by (2.36)
oL
—o, 2= 53, ) . 2.51
=0 (7%) (2:51)
If £ is invariant under this variation d®,, then we have

oL

Equation (2.52) is in the form of a continuity equation
SL=e0,j* =0 (2.53)

for the “current”

oL 1
() = — 2~ §5& ~
i*(x) 8(8#@)0‘)6@0‘5 . (2.54)

Inserting the field variations §®,, yields for the current

oL
iy — i Y=
i*(z) 18(3H<I>a)qaﬁq)ﬁ . (2.55)

Equations (2.52) and (2.55) imply that the “charge”

oL
0 3 . 3
= d°z = —i | =—=—=——<qapPpsd 2.56
Q /](x) x 1/8(80%)(166 x (2.56)
of the system is conserved. The physical nature of these “charges” and “cur-
rents” has to remain open. It depends on the specific form of the symmetry
transformation (2.49) and can be determined only by coupling the system to
external fields.
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Example: Quantum Electrodynamics

To illustrate this conservation law, the theory of electromagnetic interactions is
used as an example. However, in contrast to the considerations in Sect. 2.1.1
we now consider a coupled system of a fermion field ¥(z) and the electromag-
netic field A, (z) to determine the physical meaning of the conserved current.
Together with a quantization procedure this theory is called Quantum Electro-
dynamics (QED). The Lagrangian is given by

1 _
L= =2 Fu P 4 0 [0, +ieA,) —m] ¥ | (2.57)

L contains a part that describes the free electromagnetic field (first term). The
second term, to be discussed and explained in detail later (in Chap. 7), describes
the fermion Lagrangian; it is obtained from the free particle Lagrangian of (2.34)
by replacing the derivative 9, by the covariant derivative

D, = 8, +ieA, (2.58)

(minimal coupling). Here e is the electron’s charge (e = —le|).
The Lagrangian (2.57) is obviously invariant under a variation of the fermion
fields of the form

U — U =eicey (2.59)

Comparison with (2.49) gives ¢o3 = e dap so that the conserved “current” given
by (2.55) is:

Ju(x) = e Wy, U . (2.60)

Note that this conserved current is exactly the quantity that couples to the
electromagnetic field in (2.57). This property allows one to identify the current
(2.60) as the electromagnetic current of the electron fields.

Example: Complex Scalar Field

The Lagrangian for the case of a complex scalar field interacting with an elec-
tromagnetic field is given by

L= TR 4+ (D) (DF9) — m?6"6 (2.61)

This Lagrangian is simply the sum of the free electromagnetic Lagrangian (2.16)
and the Lagrangian for a complex scalar field (2.32), where in the latter again
the derivative d,, has been replaced — through minimal substitution — by the
covariant derivative D,, (2.58).

The Lagrangian (2.61) is obviously invariant under the phase transforma-
tions

e_i€€¢(x) ’
etieey* () . (2.62)

¢()
¢"(x)

—
—
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The conserved current connected with this invariance can be obtained from the
definition (2.55)

oL oL
o Ry
# = (55 s )
= e (qﬁ*D”gf) — ¢ (D"¢)") . (2.63)
The conserved charge is then given by
Q= /d%jo(x) = ie/d% (¢*D0¢— ¢(D0¢)*) . (2.64)

It is evident that the charge disappears if the field ¢ is real. It is furthermore
remarkable that now the electromagnetic field A* appears in the conserved
current (through the covariant derivative D#* = 9" +ieA*). Again the conserved
current provides the coupling to the electromagnetic field.
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Chapter 3

Symmetries of Meson and
Baryon Systems

In Chap. 2 it was shown how geometrical and internal symmetries of the La-
grangian lead to conserved currents and charges. In this chapter we take the
opposite approach of using the observations of conservation laws to deduce the
required symmetries of the Lagrangian. These, together with a desire for sim-
plicity, will allow us to formulate a Lagrangian.

To demonstrate this construction of a Lagrangian out of the underlying sym-
metry properties, we first consider the physics of strongly interacting particles,
namely mesons and baryons. In this context we consider both as elementary
particles. This is a very useful approximation for describing nuclear phenom-
ena at low and medium energies where any possible substructure could not be
resolved, but is certainly not valid for the description of high-energy processes.

Nevertheless, historically this approach has led to the prediction of the sub-
structure of the mesons and baryons. This will be discussed later in this book.
After some general remarks about the underlying symmetries, we will start out
with the pion—nucleon system as the simplest example for the variety of known
systems of mesons and baryons.

3.1 U(1) Symmetry

The simplest transformations of the fields appearing in a Lagrangian are global
one-parameter changes of their phases. These transformations (2.49) with gag =
@dqp for different values of the only free parameter € form a group, called U(1).
Invariance under U(1) transformations is connected with charge conservation
(compare the discussion at the end of Chap. 2 and remember that the term
“charge” does not necessarily denote the electric charge; the nature of the charge
can be determined only by coupling it to an external field).

In the development of field theory the reasoning has often started from an
experimental observation of a conserved quantity, which was identified with a

23
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conserved charge, and has then deduced the necessary symmetry properties of
the underlying Lagrangian. For example, the conservation laws for the electric
charge and the baryon and lepton numbers immediately lead to appropriately
chosen U(1) symmetries.

The conservation of the total electric charge of a closed system can be de-
duced from the electric neutrality of macroscopic matter. This yields very strin-
gent tests for the conservation of charge with time. Furthermore, in all known
reactions charge is also conserved; for example, in the 8-decay of the neutron
one finds for the relative change of charge: Ag/q < 10723,

Particles and resonance states that decay ultimately into protons are called
baryons. These particles all have half-integer spins and masses higher than that
of the nucleon. The baryons can only decay into other lower-mass baryons,
and cannot disappear altogether; at present the lower limit for the half-life of
the ultimate decay product, the proton, is Ty, > 10%% years. This empirical
conservation can be expressed by introducing a baryon number B = 1 for the
baryons, B = —1 for the antibaryons and B = 0 for all other particles. B is
then conserved in all processes known up today.

To finish our brief discussion of U(1) symmetries observed in nature, we
discuss the application to the six leptons known at present (e, u, 7 and their
neutrinos) together with their antiparticles. Like the baryons, these have all
half-integer spin but interact only through the weak and the electromagnetic
forces. Again, if one ascribes a lepton number I = 1 to each generation of
leptons, i.e. to each lepton and its neutrino separately, and L = —1 to their
antiparticles, then one observes that the lepton number L seems to be a con-
served quantity for each generation. A simple example is the neutron decay
into a proton, an electron and an electronic antineutrino: n — p+ e + U, where
the proton and neutron carry L = 0, the electron L = 1 and the antineutrino
L=-1.

All of these conservation laws are consequences of U(1) symmetries of the
Lagrangian that will be discussed in this section.

3.1.1 Properties of the Group U(1)

In Chap. 2 it was shown that there exists a conserved Noether current connected
with an invariance of £ under the global phase transformation!

O(z) — O'(2) = e %®(2) (3.1)

where € is an arbitrary constant and ¢ a strength parameter for the conserved
charge. The unitary transformations

Ule) =e 0 | (3.2)

with the fixed real constant ¢ and labeled by the real parameter €, form the
elements of the so-called U(1) group, the group of unitary transformations in

1The following considerations hold for all types of fields, scalar, vector and Dirac.
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one dimension (in general U(n) is defined as the group of unitary matrices of
dimension n x n).

Before we start with the explicit construction of a U(1)-symmetric La-
grangian in the next section, we can already make some statements about its
structure, based on the requirement of U (1) invariance alone. A free Lagrangian
that is required to lead to charge conservation can contain the fields only in such
a form that it is invariant under the transformation (3.1). This can obviously
be achieved only if £ depends only on combinations of the form:

U (z2)O¥(x) (3.3a)
for fermions or
¢'0¢ (3.3b)

for bosons, where O is an operator acting in space and time or some internal
space like, e.g. for the case of fermions, in the internal spinor space.

3.1.2 Structure of the Nucleon Lagrangian

As a first example we now construct a Lagrangian that describes free neutrons
and protons as elementary particles. Since baryon number is experimentally
known to be conserved, we require the corresponding U (1) g symmetry from the
outset. The Lagrangian is then that of free fermions for both the protons and
the neutrons

Lopn = Uy (iv"8, — M)W, + Uy, (i7", — M) U, (3.4)

The experimental values for the masses of proton and neutron are M, = 938.3
MeV and M,, = 939.6 MeV, respectively.
Loy, is obviously invariant under the U(1) transformation

U, — Up=e 00, P, =etnY,
v, — \I/;1 = e_isq"\lln, U, — \IJ;] = e+isqqun , (3.5)

since it depends only on bilinear field combinations of the form WW. Assign-
ing the value ¢, = ¢, = 1 to both the proton and neutron charge leads to
conservation of the baryon number

B= / (Uiw, +0iw,) &z ; (3.6)

the corresponding symmetry operation is U(1)p.

In addition to baryon number conservation, charge conservation also holds;
in this case one chooses g, = 1, ¢, = 0, so that the transformation is applied to
the proton field alone. The corresponding transformations

U, — U =e 0, U,V
v, — ¥ =0, v, —
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form another group, U(1)g, with the conserved charge

Q= /\Ifg,\l/pd% : (3.7)

Both of these conservation laws hold in nature. Another one, that could be
obtained by setting g, = 0, ¢, = 1, would lead to neutron number conservation
that, however, is violated in nature. This violation can only be due to other
(interaction) terms not contained the simple free Lagrangian (3.4).

The close agreement of the experimental values of neutron and proton masses
suggests to view the small difference between them as the consequence of a
perturbative interaction. Abbreviating the latter as Lyt allows us to rewrite
the Lagrangian (3.4) as

Lon =3 [Ty (7" 0 — M)Wy] + L . (38)

q=p,n

where M is the common mass for proton and neutron in the absence of the
perturbing interaction.

3.2 SU(2) Symmetry

We now formally introduce a two-dimensional spinor

Uy = ( i: ) , (3.9)

in terms of which the Lagrangian (3.8) can be written as

ﬁpn = \TJN (17”8# — M) Uy + Lint
= ﬁN + ﬁint (310)

where M is now a diagonal mass-matrix. Here the Lagrangian has been split into
two parts; Ly is that of the noninteracting, equal-mass protons and neutrons
whereas L;,; denotes the residual interaction responsible for the small mass
difference between proton and neutron.

The form (3.9) for the state Uy suggests to view proton and neutron as
two different intrinsic states of the same particle, the nucleon, described by the
Lagrangian Ln. The new degree of freedom that distinguishes between proton
and neutron is called isospin.

From (3.10) it is evident that £,, is invariant under an exchange of protons
and neutrons, if the relatively small L, is neglected. That the total strong
interaction Lagrangian is indeed invariant under such a transformation is sug-
gested by experimental observations, for example, the near-equality of the bind-
ing energy and spectra of the mirror nuclei “Li and “Be that differ by the change
of one neutron into one proton. The structural similarity of these two nuclei
indicates that proton-proton and neutron-neutron forces are nearly equal. Thus
the strong interaction Lagrangian seems to be invariant under an exchange of
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protons and neutrons. Therefore, it can also not distinguish between any mix-
ture of protons and neutrons. This implies that £x of (3.10) contains a further
symmetry — beyond the simple U(1) and the p — n exchange — that mixes the
field components ¥, and ¥,. To discuss this symmetry is the purpose of this
section.

3.2.1 Properties of the Group SU(2)

We consider a space- and time-independent general transformation of the two-
dimensional spinor ¥y which was defined in (3.9)2

U0 =0T . (3.11)

In its most general form U is a (2 X 2)-dimensional matrix with space- and time-
independent complex components. We will now look for such a transformation
U that leaves Ly invariant.

Also the fields ¥/ must fulfill the anticommutation relations for fermions.
This requirement implies that the transformation U must be unitary:

Ulv=uvut=1 . (3.12)

Because of this property one obtains for the determinant of the transformation
matrix U

det(U) det(U) = (det(U))* det(U) = 1 (3.13)
and thus
det(U) = e (p real) . (3.14)

(3.14) implies that U contains a simple U(1) transformation. Since the U(1)
symmetry has also already been incorporated we can disregard it here by simply
setting ¢ = 0. Then one has

det(U) =1 . (3.15)

Conditions (3.12) and (3.15) reduce the possible matrices U to the unitary
matrices with unit determinant, the so-called special unitary matrices. The set
of all of these (2 x 2)-matrices forms a group, the Lie group SU(2); the product
of any two of the elements of this group is just the normal matrix multiplication.

Lie groups have the special property that their elements can be parametrized
smoothly and analytically such that each element can be obtained by a continu-
ous parameter change from the identity. In order to obtain the parametrization
of the group elements it is, therefore, sufficient to consider an infinitesimal
change of the spinor ¥

U= (1—i6)w (3.16)

2We suppress here, as in the following, the subscript N of W.
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where £ is a (2x2)-dimensional matrix with infinitesimally small matrix elements
and 1 is the (2 x 2)-dimensional unit matrix. The unitarity condition (3.14) then
reads

U'U = (1+i€N)(1 —i€)
1+i - +0EH =1 . (3.17)

This can be fulfilled only if

gh=¢ | (3.18)
i.e. if £ is a hermitian matrix. Furthermore, from

L =det(U) =1~ i€ — il + O(£?) (3.19)
follows

tr(§) =0 . (3.20)

Equations (3.18) and (3.20) show that & is a hermitian matrix with vanishing
trace. Since its dimension is (2 x 2), it contains three independent elements.
Such matrices can in general be written as a linear superposition of three linearly

independent, hermitian, traceless basis-matrices 7; (i = 1,2, 3)
f=¢- g (3.21)

with the real parameters
e = (e1,€2,€3)

and the matrices
T = (71,7T2,73)

Here the ¢; are infinitesimal, real constants and the 7; are the Pauli matrices

n=(00) =m=(0 ) m=( ) e

These obey the commutation relations

T T . Tk
[5, EJ} = feijk (3.23)
where €;;;, is the Levi-Civita tensor

1 fori,j5,k=1,2,3 and cycl. permutation
€k =4 —1 ford,j,k=3,2,1 and cycl. permutation . (3.24)
0 for all other cases

The commutation relations (3.23) define the “algebra” of the group SU(2),
the elements of the tensor €;;; are called the “structure constants” of SU(2) and
the matrices 7;/2 are the matrix representations of the “generators” of SU(2)
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transformations in isospin space, i.e. in the space spanned by the vectors Uy
(see (3.9)). They are normalized such that

tr(m7) = 201 - (3.25)

Summarizing all these results, the most general infinitesimal symmetry trans-
formation of the two component spinor ¥ is given by

TP = (1—15-%)\1:
For a finite parameter e this is easily generalized to
L e A A (3.26)

Formally, this is a generalization of the global gauge transformation of the U(1)
type with, however, two major differences:

1. There are now 3 “phase angles” ¢; .

2. The exponent in (3.26) now contains three matrices 7; that do not com-
mute.

Thus, two SU(2) transformations will in general not commute. Consequently
SU(2) is a non-Abelian group. The special (det = 1) unitary (2 x 2) matrices

U=e€t | with t=r7/2 (3.27)

form the fundamental representation of the group SU(2); the matrices t; are the
matrix representations of the generators. The matrix U acts on two-dimensional
vectors, the isospinors.

Higher Dimensional Representations

There exist also matrices of higher dimension than (2 x 2) that obey the same
SU(2) algebra (3.23). These form higher dimensional representations of the
symmetry group. For example, in 3 dimensions such matrices are

L [0 10 L [0 =i 0 10 0
ti=—1 10 1|, tab=—| i 0 =i |, ts=[0 0 0 |(328
V2o 1 o V2o i o 00 -1

in a representation in which t3 is diagonal. The elements of SU(2) are then
again given by (3.27), with the ¢; now defined by (3.28).

Note that even in a given dimension the generators t; are not unique. All
matrices that fulfill the commutation relations (3.23) are generators of SU(2),
though in different representations. For example, the (3 x 3)-matrices

(tk)lm = —ieklm (329)

also obey the same commutation rules.®> In the case of (3.29) the structure
constants of SU(2) define the matrix representation of the generators.

3This can be shown by using the relation €ijk€kim = 0i10jm — SimJj -
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The SU(2) transformation in a three-dimensional representation also acts
on three-dimensional basis vectors. If we denote a vector in this space by II,
then an infinitesimal transformation in the representation (3.29) is given by

5Hl =—i (Ektkﬂ)[ = —skeklmﬂm = (6 X H)l s (330)

i.e. just by the transformation law of an ordinary vector under an infinitesimal
spatial rotation. This is a consequence of the fact that the algebra (3.23) for
the SU(2) generators 7;/2 is exactly the same as that for the orbital angular
momentum operators [;. The latter are the generators of the rotation group in
three dimensions, SO(3), that act on three-dimensional ordinary vectors. The
two groups are thus locally equivalent.

3.2.2 General Definitions

In general, the algebra of a group is defined by the commutation relation of its
generators

[Qi, Q5] = icijrQr

where the c;;, are the structure constants of the group. Then the matrices g
with

(qr)im = —iCkim

are the generators of the “regular” or “adjoint” representation of the group.
Thus (3.29) defines the regular representation of SU(2). The dimension of this
special representation is equal to the number of group generators, i.e. d = 3 for
SU(2).

The representations (3.28) and (3.29) are examples of so-called “irreducible”
representations that cannot be put into block-diagonal form by a similarity
transformation, i.e. by a transformation U — U’ = SUS™! where S is any
nonsingular, invertible matrix acting on the basis vectors of U. If this is possible
for a given representation, then it is said to be reducible.

In general, in an n-dimensional representation, the group elements U act on
an n-dimensional vector space with n linearly independent basis vectors. If the
group representation is irreducible, then these basis vectors are said to form a
“multiplet”. If the Hamiltonian is invariant under the transformation U, then
all states of a multiplet have the same energy; they differ by the eigenvalues
of the diagonal generator, for example, by their value of t3 in the irreducible
representations (3.22) or (3.28).

Another important property of a Lie group is its rank, defined as the max-
imum number of simultaneously diagonal generators. In the set of the three
Pauli matrices 7; each matrix commutes only with itself; thus SU(2) is a group
of rank 1. From the members of an algebra of a Lie group of rank n one can, by
combining the generators in a nonlinear form, construct n invariant operators,
the so-called Casimir operators, which commute with all generators. For SU(2),
this Casimir operator is given by 72 = 72 + 73 + 72. The Casimir operator is
usually used to label the multiplets.
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3.2.3 Application to the Pion—Nucleon System

The application of the considerations in the preceding section to physical parti-
cles is obtained if one can identify n particles with an n-dimensional multiplet
of basis states. For example, in a theory with an SU(2) invariant Hamiltonian
all these particles must have the same mass.

In this section we will now apply these symmetry considerations to the pion—
nucleon system since this is one of the elementary and, at the same time, most
relevant systems of nuclear physics. While the term nucleon is at this stage only
a generic notation for a proton or a neutron, the pion is the lightest hadron,
which appears in three charge states (positively and negatively charged and
neutral), with a rest mass of about 140 MeV for the two charged pions and a
rest mass of about 135 MeV for the neutral one. All three pions are pseudoscalar
particles, i.e. they carry the quantum numbers 0~ for spin and parity.

As already mentioned, the SU(2) isospin symmetry is most evident in the
charge independence of nuclear forces that can, for example, be observed in the
binding energy of mirror nuclei. However, as will become clear from the discus-
sions in this chapter, isospin symmetry goes further than charge independence,
which is merely a consequence of it.

Symmetry of the Nucleon Lagrangian

We now apply some of the formal considerations of the last section to the case
of the two-component nucleon spinor ¥. Since

U=e €% (3.31)

is unitary, it is evident that the bilinear product WW in (3.10) and thus the whole
nucleon Lagrangian Ly is invariant under the SU(2) transformation (3.31).
The transformation U acts on the intrinsic degree of freedom that distinguishes
between the two elements of the spinor VU, i.e. between proton and neutron.
This internal degree of freedom is called isospin. The vectors € and 7 are then
vectors in the isospin-space; they are called isovectors.

The conserved current corresponding to this SU(2) symmetry can be ob-
tained from expression (2.55) by generalizing it to the case, where € and g4
are vectors in the space of the internal degrees of freedom,

TaB

This yields for the conserved (isospin) current
. - T
Ju= \I/7H§\I/ (3.32)

where j, is now the p-th component of a four-vector in coordinate space and
at the same time an isovector; ¥ is the two-dimensional spinor (3.9). The
conserved charge is then another isovector,

T = /jo(:zz) &3z = /\IJT(:Z:)g\I/(x) Bz, (3.33)
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the isospin. Its third component can be written as

1
Ty = / (Ui, —viw,) dz . (3.34)

The components 7} of the isospin operator, obtained from (3.33) after field
quantization, obey the same commutation relations as the Pauli-matrices 7;/2

[Ti, TJ] = ieijka . (335)
This follows from the general relation
| [r@osmes L [vaeue ey
= /\IJT(x) {OA , Q] U(z)dx (2o = yo) (3.36)

where all the points x and y are taken at the same time and O and Q are op-
erators acting on the spinor components. Equation (3.36) can be easily proven
if canonical anticommutation relations for the fields ¥ and ¥T are used. Con-
sidering the group properties, the operators T; are therefore equivalent to the
Pauli matrices

Ti

t; =
2

They only act onto different basis states, the T; on Hilbert space state vectors
and the t; on basis vectors in the space of the intrinsic isospin degree of freedom.
LN is also invariant under the U(1)p transformation (3.5)

UV =e €0 | (3.37)
leading to the conservation of baryon number

B= / (Ui, +0lw,) d®z = /\IJT\II Pz . (3.38)

Combining the symmetry operations (3.31) and (3.37), we see that there is
also an invariance of Ly under the combined U(1)p® SU(2) transformation
e (1+27'3)

U0 =e o (3.39)

leading to the conservation of the charge
1
Q= /w%qxd% _ /\Ifg,\l/pd% . (3.40)

Q is obviously equal to the number of electric charges of the nucleons. Combin-
ing eqs (3.34), (3.38) and (3.40) yields the relation

1
Q=5B+Ts . (3.41)
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Although we have derived these relations only for the free nucleon La-
grangian (3.10), the empirically well founded isospin conservation together with
that for electric charge and baryon number indicates that the full Lagrangian
for the strong interaction respects these symmetries. Thus (3.41) must hold
for any system of nucleons with U(1) and SU(2) symmetries if the Lagrangian
contains no derivative terms other than those in the kinetic energy (in this case
the currents remain unchanged); it is based only on the symmetry operations
(3.26), (3.37) and (3.39) and not on any specific symmetry properties of the
Lagrangian.

Multiplets. To determine the isospin T (defined via the eigenvalue T'(T + 1)
of the operator T, which is just the Casimir operator of SU(2)) of a multiplet,
we make use of the similarity of the group SU(2) and the group of spatial rota-
tions in three dimensions, SO(3), whose generators are the angular momentum
operators; both groups have the same algebra. A well known example for an
SO(3) symmetry is the hydrogen atom. There the spectrum consists of 2L + 1
dimensional multiplets labeled by the eigenvalues of the Casimir operator L?;
the states in each multiplet are labeled by L3. Analogously, the n particles of the
isospin multiplet have isospin T given via n = 27T 4 1 and can be distinguished
via Tg.

In the case treated in this section proton and neutron are both members of
the T = 1/2 multiplet, distinguished by T3 = +1/2 and T5 = —1/2, respectively.
In an SU(2) symmetric world they are thus two different states of the same
particle, the nucleon.

The fundamental doublet of SU(2) has T = 1/2 and T3 = +1/2. The
corresponding antiparticles also form a doublet. Since the charge-conjugate
Dirac spinor is given by (see (A.34))

T = iy2y 00T (3.42)
the antiparticle spinor transforms under U*. In SU(2) we have

U* = (—ir)U(ite) (3.43)
because of 7% = —7»77,. Note that the transformation U* can be obtained from

U by a similarity transformation; U and U* are thus equivalent representations.*

Therefore, we have

0O = UV = (—in)U(ir)U° (3.44)
and thus

(iU = U(im®°) . (3.45)
Thus, with

v <$i) 7 (3.46)

4“FEquivalent” matrix representations of SU(N) can be transformed into each other by
means of a unitary transformation belonging to the same group.
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also

ve = (—172)< 532 > = < —gg ) (3.47)

forms an SU(2) doublet. Eq. (3.47) shows that the antineutron has t3 = +1/2
and the antiproton t3 = —1/2.

In order to construct many-particle states with good SU(2) transformation
properties, the single-particle states of SU(2) multiplets can also be coupled to
states of different multiplets (i.e. different isospin) by using the normal Clebsch—
Gordan coefficients well known from angular-momentum coupling. This analogy
arises again because the group SO(3) has the same algebra as SU(2). Thus,
e.g., the T = 1 multiplet could be obtained by coupling two nucleons each
with T = 1/2. States with T = 1 and T35 = 41,0, —1 transform under the
representation (3.28). If this representation is realized in nature then we should
find a triplet of particles with the same mass and different electric charges. The
SU(2) transformation U, when applied to such a triplet, simply amounts to a
rotation of a vector in isospin space (see (3.30)).

Symmetry of the Pion Lagrangian

Another example for an isospin triplet is given by the three pions. The pi-
ons carry the quantum numbers J™ = 07 and are thus pseudoscalar par-
ticles. They exist in three different charge states, with nearly equal mass
(m(rt) = m(r™) = 139.6 MeV, m(n®) = 135.0 MeV); it is natural to associate
the somewhat higher mass of the two charged pions with the effect of the repul-
sive Coulomb interaction. We therefore assume that in a world in which only
the strong 7—N force acts the three pions would have equal mass. This suggests
that the three pions can be assigned to the three states of a T' = 1 triplet, the
basis vectors of the irreducible representation (3.28) and that, correspondingly,
the strong interaction Lagrangian is symmetric under SU(2) transformations.
The pions thus have to be represented by an isovector with components 7T,
79 and 77; these are charged, nonhermitian pseudoscalar fields. That these
components indeed belong to the representation (3.28) we can see by inspecting
the eigenvalues of t3 in that representation.

From these three components we can construct the basis triplet of a cartesian
representation

71':(71'1,71'277'(3) (348)

where the three components w1, w2 and 73 are hermitian, pseudoscalar fields.
These are obtained from the physical fields by means of the transformation

m(z) = (7" (2) + 7 (x))

(7t (z) — 7 () (3.49)

)

7T2($) =

-5l

3
o

7T3($) =
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The transformation (3.49) is exactly the same as the one that converts the
components of an irreducible spherical tensor of rank 1, an object with well
defined transformation properties under spatial rotations, into those of a normal,
cartesian vector. This should come as no surprise since, as already mentioned
at the end of the last subsection, SO(3) has the same algebra as SU(2).

The Lagrangian for the pions is given by that for charged scalar fields (see
(2.32))

Lr=[0"7)(0ur™) —m’nTn™] + % [(07°)? — m?(x?)?] (3.50)

according to the general considerations in Sect. 2.1.1. In terms of the cartesian
isovector 7 (3.49) this can be rewritten as

1

L‘ﬁ2

Uanf-nﬁnﬂ . (3.51)
Written in this form, it is evident that £, is SU(2) symmetric since it contains
only scalar products of the isovector 7 which are invariant under rotations in
isospin space (see (3.30)).

The conserved current is

j# =—i 8#7'% (t)kl T =T X 8#71' (352)
and the conserved charge is given by
Tz%/@m@mmﬁx:/wxﬂm% : (3.53)
J, and T' are in the cartesian, regular representation, both are vectors in isospin-
space; IT is the conjugate field momentum.
The third component of T' expressed by the multiplet states (3.48) is ob-
tained as
T3 = i/ (O t)yr™ — (O )nt] Pz . (3.54)
For the charge of the pions one has, from the U(1) symmetry of (3.50),
Q=i [(@rt)n™ — (Om )] d®x . (3.55)
Comparing (3.55) and (3.54) gives
RQ=T; . (3.56)

This relation can be viewed as a special case of (3.41), since the pion has baryon
number B = 0.



36 CHAPTER 3. SYMMETRIES OF MESON AND BARYON SYSTEMS

Symmetry of the Interaction

In this section we will now construct the Lagrangian for the pion—nucleon inter-
action, L,;n. The first requirement of baryon number conservation means that
L~ can contain only bilinear forms in the nucleon field ¥; in lowest order the
coupling thus must read

Lon ~ POV Qrn (3.57)

where O is an operator that acts on the components of ¥, and Q acts on the
pion field. The latter can appear linearly in (3.57) since the pions carry no
baryon number, so that single pions can be created or annihilated.

The structure of O can be obtained most easily by considering first inter-
actions with the neutral pions only. Since 7° is a pseudoscalar field (spin = 0,
parity = —1) and the Lagrangian has to be a true scalar, VOV itself must be a
pseudoscalar, if Q is taken to be equal to 1 for simplicity. This can be achieved
by an ansatz of the form (see (A.37))°

0= (pseudoscalar coupling) . (3.58)
With this coupling, we obtain
Lax =191 Vs ¥,70 + igg\ifp"y5\11p71'0 (3.59)

where g; is a real coupling strength. The factor i is necessary to make L,y
hermitian:

(\i/n%‘llnwO)T = 10Ul A5 Ul = 700] 5900, = 70050, . (3.60)

These considerations can be extended to the interaction with the charged
pions. The requirement of both baryon number conservation and also charge
conservation imposes immediately the constraint on £,y that it has to contain
combinations of the form

W, ysWpm™  or ‘ilp'y5\11nﬂ'+

to be invariant under a global U(1) transformation. That these terms conserve
baryon number is evident since they contain only bilinear forms in the nucleon
field. That they are also charge conserving follows from their invariance under
the U(1)q transformations

1 —ie . T/ T/ _ tie
U, — W, = e N,y — B = et
‘Iln—>\I/;:\I/n ; \I/n—ﬂllil:‘lln
mt = (at) =e Tt 1T o (n7) =etinT

5Also possible is a coupling in which the derivative of the pion field appears (Q = 0Ou).
Since this is a pseudovector, it has to be multiplied by another pseudovector:

Lan ~ Ty, 5T 0 (pseudovector coupling)
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The complete interaction Lagrangian now reads

LN = igllilnfy5\11n7ro+igglilp'y5\11p7ro
+Higa Wy Vpm™ +igaVpysWar™ . (3.61)

By introducing the matrices

%:%7'14—172 <8(1)>
S oo
To = =T3=<O _1>.
LN can be written in terms of the nucleon spinor ¥ as
Ln = 191@75% (1 —70) U’ + 192@75% (14 70) ¥r”
+iggxiw5%‘w— n 194@75%w+ . (3.63)

LN is, by construction, symmetric under U(1)p @ U(1)g

If now, in addition to charge and baryon number conservation, SU(2) sym-
metry is also required for L., as suggested by the experimental fact of isospin
conservation in the pion—nucleon interaction, then £,y must be the scalar prod-
uct of the isovector of the pion field with an isovector of the nucleon. Thus L,x
must have the structure

LN = ig\TJ%g\If T (3.64)

with only one coupling constant, g. Since

1
Tom=—(rynt +7r_77) + 1o’ |

V2

the Lagrangian of (3.63) goes over into the form (3.64) for

1 1
9:_91292:ﬁ93:ﬁ94

There is then only one universal constant, g, that couples all pion fields to all
states of the nucleon. This has the important consequence that the transition
rates for seemingly quite different processes, like, e.g., p+p — p+n+ 7 and
n+4+n — n+n+ 7°, are governed by one and the same coupling constant so
that, if one rate has been measured, the other one can be predicted.

In summary, the interaction Lagrangian (3.64) is by construction invari-
ant under baryon number and charge U(1), isospin SU(2), parity and Lorentz
transformations. In addition, it is also invariant under charge conjugation, i.e.
particle-antiparticle conjugation.
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We have now the important result that the full pion—nucleon Lagrangian
L=Ln+L:+ LrNn (3.65)

is SU(2)-invariant. As a consequence, not the isospin of nucleon and pion
separately but instead the total isospin

T=Tx+T.= /\Iﬁgw ddz — i/@m () m d3x (3.66)

is conserved. The pion—nucleon coupling (3.64) does not contribute to T' because
it contains no field derivatives. Since £ is obviously also U(1) invariant, leading
to baryon number conservation, it is also invariant under the combined U(1) ®
SU(2) transformation. Thus relation (3.41) linking charge, baryon-number and
third component of isospin is also valid for the coupled system.

There is strong experimental evidence that SU(2) is a good symmetry of
the strong interactions so that the total isospin of any system of only strongly
interacting particles is conserved [PERS&7]. If one takes into account additional
fields that carry isospin, the expression (3.66) for T would contain contributions
also from these other fields.

3.2.4 Structure of SU(2) Multiplets

As already discussed at the beginning of Sect. 3.2.3, the basis states on which the
isospin acts can be identified with particle multiplets. Since the algebra of SU(2)
is exactly that of the normal angular momentum in three-dimensional space it is
evident that these multiplets can be characterized by the eigenvalues of T'%; their
individual states can be labeled by their eigenvalue of T3. The mathematical
reason for this is that T is the Casimir operator of the Lie group SU (2). Since
SU(2) has only one Casimir operator, T, it follows that besides T additionally
only one generator, usually 73, can be diagonalized simultaneously.

Starting from one state in a multiplet the others can be constructed by using
the raising and lowering operators T = Ty 4+ iT, and T— = T} — iTs. All the
states within one multiplet have the same energy eigenvalue of the Hamiltonian,
i.e. the same mass, if the underlying interaction is SU(2)-invariant. The SU(2)
transformation transforms the states into others within the same multiplet of
energetically degenerate states.

The product of two basis vectors of SU(2) belonging to two multiplets (not
necessarily different) does not in general form a basis vector of a specific multi-
plet but rather a superposition of basis vectors of other multiplets. For example,
in the case of the pion—nucleon system treated in Sect. 3.2.3 the nucleon forms an
isospin doublet (T' = 1/2) whereas the pions belong to an isospin triplet (7" = 1).
A simple nucleon-pion product state is then a superposition of states belonging
to T = 3/2 and T = 1/2 multiplets. Their weight is given by the standard
Clebsch—Gordan coefficients, well known from angular momentum coupling

INT)7, = (IN) @ |m))r = (%1TIT3NT3WT3> ITTs) (3.67)
T
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where T5 = T5n + T3, and the sum over T runs over the values |T'| > |T3]. Thus
the product of a triplet and doublet can be reduced into the sum of a doublet
and a quadruplet, symbolically written as

3®2=402

This reduction of the product can also be performed graphically. In this
method all states of the product are represented by points on the T3 axis. For
each state of the product representation we have

T35 =T31+T32 , (3.68)

so that a given point T3 can in general be constructed in several different ways.
The highest possible value of T3, however, is unique. Applying a lowering oper-
ator to this highest state generates the next lower state, and so on.

In the pion—nucleon example discussed above the highest state is the one with
T3 = 3/2, and the next lower is the one with T5 = 1/2, which can be constructed
in two different ways (T3, = 1) + (Tsny = —1/2) or (T3, = 0) + (Tsn = 1/2)).
One of these two states must belong to the 7' = 3/2 multiplet, the other is then
assigned to the T'=1/2 multiplet. Graphically this looks as shown in Fig. 3.1.

>-—t—— o —+———@®—+—eo>»
-1 0 1 T

Figure 3.1: Construction of the isospin SU(2) multiplet for the pion—nucleon
system. The circles around the T3 = 4+1/2 points denote double occupation of
these members of the multiplet

The near equality of the masses within a given multiplet is a convincing evi-
dence for the invariance of the strong interaction under SU(2) transformations.
The remaining mass splittings are, except for the pion, of the order of a few
promille and can be ascribed to the electromagnetic interaction. The latter is
true also for the pion; in this case the relative mass splitting is larger simply
because of the exceptionally small mass of the pion.

From all the considerations above it is obvious that there can exist several
isospin multiplets with the same 7" but distinguished by other quantum numbers
like charge, spin, parity, etc. Examples for such multiplets are given in Table
C at the end of this book. There, besides spin and isospin, a new conserved
quantum number called “strangeness” S is listed as well as the so-called “hy-
percharge” Y, which is defined as the sum of strangeness and baryon number
B:

Y=5+B . (3.69)

The discovery of the particles with the new quantum number S and the
implications for the symmetry properties of strong interactions will be discussed
in the next section.
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3.3 SU(3) Symmetry

The particles with strangeness S # 0 in Table C, the so-called strange mesons
and baryons (“hyperons”), all share one common (and at first sight astonishing)
feature. They are on one hand copiously produced in, for example, pion nucleon
interactions. This large production rate seems to indicate a strong interaction
process. On the other hand, these particles have lifetimes of the order of 1078
to 1071% 5. They thus live much longer than the typical strong interaction
reaction time of 10723 s. This long lifetime seems to indicate that these particles
couple only weakly to non-strange hadrons, in direct contradiction to the strong
interaction assumption based on the large production rates.

A way out of this seeming contradiction is offered by the hypothesis that
there exists a new quantum number called strangeness that is conserved by
the strong interactions. In this case, the production of strange particles is not
hindered if it only happens pairwise such that the total strangeness is conserved.
This is, for example, the case in the reaction

at4+n—-A+K" | (3.70)

where both particles on the lhs have S = 0, whereas the A has S = —1 and the
K™ has S = +1, so that the total S is conserved.

It is known today that the strong interaction and the Coulomb interaction
both conserve strangeness; the weak interaction, however, violates it. Thus the
decay of strange particles, like e.g.

A-p+7n (3.71)

can proceed only via the weak interaction. This explains the long half life of
these particles (for example, the process in (3.71) has Ty, = 2.6 - 10710 s).

Another implication of the new quantum number S can be seen in Table C,
which shows that the relation (3.41)

1
Q:§B+T3 )

which holds for pions and nucleons, is obviously not valid for the strange parti-
cles. For example, the K° has T3 = —1/2, B=Y — S =0 and Q = 0. Instead,
the following, at this point purely empirical, relation holds for all particles in
the table

1
Q=3V+Ts | (3.72)

where Y is the hypercharge defined in (3.69). Note that with S and B also Y is a
conserved quantum number. Eq. (3.72) is the so-called “Gell-Mann—Nishijima”
relation, of which (3.41) is only a special case.

The observation of a conserved quantum number, the strangeness .S, points
to the existence of another, so far not treated, symmetry of the strong interaction
Lagrangian which is — via Noether’s theorem — responsible for it. This is the so-
called SU (3) flavor-symmetry, which will be discussed in the following sections.
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3.3.1 Properties of the Group SU(3)

The group SU(3) is defined as the group of (3 x 3) unitary matrices with unit de-
terminant. As in Sect. 3.2 for the SU(2) case, the general matrix representation
of a generator of SU(3) of dimension (3 x 3) can be constructed by observing
that a hermitian (3 x 3) matrix with vanishing trace contains 8 independent
matrix elements. It can thus in general be represented as a linear superposition
of 8 linearly independent traceless, hermitian basis matrices. These are usually
taken to have the Gell-Mann form

0 1 . 0 —i
N =1 0 ], = i 0 7
1 0 - 0 1
)\3 = 0 —1 . s A4: : 9
(3.73)
0 . —1 . . .
o= - . x= [ - 0 1],
i 0 1
S 1 0 0
Moo= - 0 —=i| ,a=2]0 1 o0
. i 0 Ve 0O 0 -2

The dots here stand for zeros, they are used to accentuate the SU(2) sub-
matrices in the \;. Except for extra zeros, A1, A2 and A3 exhibit the structure
of the isospin SU(2) group which therefore forms a subgroup of SU(3). The
matrix Ag, finally, commutes with A3 and thus has no analogue in SU(2).

The matrices Ay fulfill the following commutation relations:

Ai A L. Mk .
[?7%] :lfijk7 ) Za]vk:1727"'8 ) (374)

where the “structure constants” f;;; are completely antisymmetric under ex-
change of any two indices (the f;;x are given in Table 3.1). The relations (3.74)
define the algebra of SU(3); they are valid for all representations of the \;, also
for those of a higher dimension than (3 x 3). In contrast to this the anticom-
mutation relations

4
{)\i7 /\7} = g&u + 2dijk)\k R (375)

with the completely symmetric coefficients d;jx, are special to the (3 x 3) rep-
resentation; the values of the d;;; are also given in Table 3.1. Another useful
property is the normalization of these matrices according to

tl“(/\k/\l) = 20K . (3.76)
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Table 3.1: SU(3) structure constants f;;x and symmetric coeflicients d;;i (see
(3.74), (3.75))

ij fijk Z]k dijk ij dijk

123 1 118 1/V3 366 —1/2

147 1/2 146 1/2 377 —1/2

156 —1/2 157 1/2 448  —1/(2V/3)
246 1/2 228 1/4/3 558  —1/(2v/3)
257 1/2 247 —1/2 668 —1/(2v/3)
345 1/2 256 1/2 778 —1/(2V/3)
367 —1/2 338 1/V3 888 —1/v/3
458  +/3/2 344 1/2

678 \/3/2 355 1/2

Furthermore, one sees from the explicit representation of the A; in (3.73)
that \; (¢ = 1,2,3) and Ag commute with each other, although the A; do not
commute among themselves. Thus any pair (\;, Ag) can be made simultaneously
diagonal; in the representation (3.73) A3 is chosen for );. This is in contrast to
SU (2) where all three operators 7; commute only with themselves. As mentioned
already in Sect. 3.2.1, the number of elements in an algebra that commute with
one another is called the “rank” of the group. While SU(2) has the rank 1,
SU(3) has rank 2 [LICT78].

In this context it is interesting to note that there exists a second matrix
representation of the SU(3) algebra in 3 x 3 dimensions that is obtained by
taking the negative complex conjugate of the matrices A\g

N = —AL . (3.77)

The A}, obey the same commutator algebra as the \g, but they are not equiva-
lent to the original \x. “Equivalent” matrix representations of SU(N) can be
transformed into each other by means of a unitary transformation belonging to
the same group. In SU(3) no such transformation from A, to A}, exists. This is
in contrast to SU(2) where the corresponding change to

T =—Tj

leads to an equivalent representation (see (3.43)). Because only 75 is complex
the transformation between the two representations is a rotation in isospin space
by the angle 7 around the y-axis, i.e. an SU(2) transformation.

For our purposes, the most relevant consequence of this difference is the
classification of the antiparticles that, because of (3.42), transform under U*.
In SU(3) the antiparticles therefore form the basis vectors of a separate repre-
sentation, whereas for SU(2) they belong to an equivalent representation (see
(3.47)). In SU(2), therefore, the antiparticles have the same set of quantum
numbers as the particles whereas in SU(3) the quantum numbers of particles
and antiparticles belong to different sets.
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The general SU(3) transformation now has the form
U=e oo F (3.78)

so that the change of a field operator under an infinitesimal SU(3) transforma-
tion is given by

q>_>q>'=(1—ie-%)q> . (3.79)

Here € and A are eight-component vectors. Since the matrices i, of (3.73) form
the SU(3) representation of lowest dimension it is evident that any non-singlet
® in (3.79) must have at least three intrinsic degrees of freedom, i.e. must be at
least a three-component vector.

Conserved Charges

Supposing that SU(3) is a good symmetry of the strong interaction Lagrangian,
what would be the associated conservation law? Considering for the moment
only the baryonic part of the full Lagrangian and assuming that derivatives of
the fermion fields appear only in the free baryon Lagrangian, we see immediately
that for the SU(3) symmetry transformation (3.78) the conserved current is
given by

i) = W ) (3.80)

where k denotes the component in the SU(3) space and p gives the space-time
component of the current operator. The conserved charge is given by

A
Q :/jg(x)d%:/w?‘“\yd% : (3.81)

After quantization the operators Qk are the Hilbert-space generators of
SU(3) and obey the same commutation relations as the A, which are their
matrix representations in the internal space. The transformation of the field
operators is therefore given by

U U — eHienQuye—icnQr — e—iﬁk%k\l/ (3.82)

which is in infinitesimal form equivalent to

[Qka‘l’} = —%’“\If : (3.83)

where the rhs of (3.83) follows from inserting the explicit form of the operator
Qy (3.81) if anticommutation relations are used for the field operators.

As discussed in connection with the U(1) and SU(2) symmetries, the oper-
ators Qk represent conserved quantities if the Hamilton operator H is invariant
under the transformation (3.82), i.e. if it commutes with the generators Q. As
we have already discussed, we can make two of these generators simultaneously
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diagonal. In the Gell-Mann representation (3.73) the diagonal matrices are Az
and \s, so that Q3 and Qs are chosen as diagonal generators.

The physical meaning of these two operators is expressed by the following
new notation

Q>

T3 = Q3
2
V3

The identification of Qg with T3, the third component of the isospin, is motivated
by the fact that A3 contains 73 as a submatrix. In addition, Y appears as a new
conserved quantum number. In the following discussion of the SU(3) multiplets,
Y will be shown to be just the hypercharge introduced empirically at the end
of the SU(2) section. Since baryon number is experimentally known to be
conserved the strong interaction Lagrangian must also be U(1) symmetric. The
independently conserved operators B and Y can be combined to the strangeness

Yy = Qs . (3.84)

S=Y-B

which is then also conserved.

Since isospin SU(2) is a subgroup of SU(3), all states of SU(3) multiplets
can also be assigned to SU(2) multiplets and can thus be labeled in addition
to y and t3 also by t, the isospin.® For the fundamental multiplet of SU(3),
denoted by 3 in the following discussions, we find the eigenvalues of Y to be %,
%, and —2, whereas those for T are +1, —3 and 0, as can be read off from
(3.73) using the definitions (3.84). For the second fundamental triplet, denoted
by 3, all these eigenvalues go over into their negative values because of (3.77).

3.3.2 Structure of SU(3) Multiplets

For SU(2) the multiplets can be labeled by the eigenvalues of the Casimir op-
erator T?. SU(2), being a group of rank 1, has only one such Casimir operator.
SU(3), on the other hand, is of rank 2 and has two Casimir operators. These,
however, have no direct physical significance, so that generally in the case of
SU(3) a pair of numbers (p,q) is used to label the multiplets. The physical
meaning of (p, ¢) will become transparent in the actual construction of the mul-
tiplets later in this section. States within a multiplet can be labeled by the
eigenvalues of T35 and Y, which are simultaneously diagonal in the representa-
tion (3.73), and by the eigenvalue of T?. A graphical representation of SU(3)
multiplets thus has to be two-dimensional.

The structure of the SU(3) multiplets can be most easily discussed by intro-
ducing, instead of the generators Ax or Q, the in general (n x n)-dimensional
matrices

1
Fe=3A (3.85)

6Small letters denote the eigenvalues of the corresponding operators.
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that act on n-dimensional multiplets and obey the algebra
[E5, Byl = ifijnFr (3.86)
In terms of these, the SU(3) transformation is given by

U=cicF (3.87)

where € and F' are eight-dimensional vectors.
For an explicit construction of the multiplets we now introduce the spherical
representation of the operators Fj:

TiZFliiFQ 3 Ui=F6i1F7;

2
Vi=F +iFy ; Ty=F ;Y =-"-F 3.88
+ 4 5 3 3 \/58 ( )
3., 1 3. 1
=Y Ty ; V="V +-T
Us=7Y = 3T : Va=7Y +5Ts

Introducing these operators instead of the Fj serves the same purpose as in
SU(2) where the spherical representations of the generators act as raising or
lowering operators (3.62) and can thus be used to construct a multiplet. The
same holds for SU(3). The commutation relations of the operators (3.88) given
in Table 3.2 show that Ty, V1 and Uy are raising or lowering operators within
a multiplet for ¢3 and y, the eigenvalues of T3 and Y. For T, for example, this
is very easy to see. From

[T5,T4] = £T4 (3.89)
it follows immediately

T3Ty|ts,y) = TiTslts,y) £ Ti|ts,y)
= (ts=1)Thlts,y) - (3.90)

Similarly, from
1
T3, V] = £5V (3.91)
we obtain directly

T3Vilts,y)

1
ViTslts, y) + §Vi|f379>
1
= (tg & §)Vi|t3,y> . (3.92)

Not shown in these equations are all extra quantum numbers needed to uniquely
specify a state in an SU(3)-symmetric theory (in SU(3), 5 numbers are needed
to specify a state: two Casimir operators or (p, q), t3, y and the eigenvalue of
T?, represented by t). Using now the commutator

[Y,Vi] = £Va (3.93)
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Table 3.2: Commutation relations for the SU(3) operators T4, Vi, Uy, T3, and
Y (see (3.88))

(13, T+] = +T4 Ty, T-] = 2T
[Us,Uy] = +Ux U, U-] = 2U;
Vs, Va] = +£V4 Vi, Vo] = 2V3
T3, U] = F3Us Y, Us] = +Us
T3, Vi] = +Livi V,Vi = <V
T, v-] = -U- [T4,U+] = Vi
[U+7 V—] = T- [U+7 V+] =0
T3,Y] = 0 v, T.] = 0
[Ty, Vy] = 0 [Ty, U-] = 0

gives, on the other hand,

YV:t|t3ay> = ViY|t37y> :I:V:t|t3ay>
= (yx£1)Vilts,y) . (3.94)

Comparison of (3.92) and (3.94) shows that V. raises (or lowers) the eigenvalue
t3 by 1/2 and the eigenvalue y by 1.

Analogously one can construct the action of the other operators. The result
is given in Fig. 3.2 that illustrates the action of all the operators (3.88). All
states of a given multiplet can now be constructed by successive application
of these operators on one given state of a multiplet. Since the states within
a multiplet are labeled by the eigenvalues of the two operators 75 and Y they
have to be represented by points in the two-dimensional (¢3,y) plane. A certain
multiplet is determined by specifying which points are occupied and how often.

The general shape of a multiplet-boundary in the (¢3,y) plane can be inferred
from symmetry considerations. First, we know that SU(2) is a subgroup of
SU(3). Therefore, within a given isospin multiplet all states from —t5 to +t3
(for fixed y) must belong to the SU(3) multiplet. The boundary thus has to be
symmetric under reflection at the y axis. Second, we see from the second and
third line of Table 3.2 that SU(3) has two more SU(2) subgroups, connected
with the so-called U-spin and V-spin. This leads to a symmetry of the boundary
under reflection at the axes Us = 3/4y—1/2t3 =0and V3 =3/4y+1/2t3 = 0.
We thus have three symmetry-axes and (because of the raising and lowering
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Figure 3.2: Action of the operators Ty, Uy, Vi, and Y1 of (3.88) in the isospin
(T3)-hypercharge (Y) plane

operators) six pairwise antiparallel directions available. This necessitates that
the geometrical structure of the boundary of an SU(3) multiplet has to be either
a triangle or a hexagon in the (3, y) plane.

In the following few paragraphs we will now sketch how these multiplets can
be constructed by exploiting the algebraic properties of the operators (3.88).7
This method uses the fact that the occupied (t3,y) points are all connected by
the operators (3.88). To construct their boundary one starts with the member
of the multiplet with the highest possible value of t3 which we will call | max).
We then have

Vilmax) = T |max) = U_|max) =0 (3.95)

since all three operators act to increase t3. We can now apply the operator V_
p-times on the state | max) until we reach the lower bound in y so that further
application of V_ yields zero

(V)P max) =0 . (3.96)

In this way, we have constructed the lower right boundary. It is essential for
this result that the boundary of the multiplet sites in the (¢3,y) plane is convex
[GASG6].

The preceding arguments show that the state (V_)P| max) is the last state
of the multiplet that can be reached by repeated action of the operator V_.
We can now apply repeatedly the operator T_ to this state until after ¢ times
another boundary of the multiplet has been reached

(T )T (V_)P|max) =0 . (3.97)
The remaining boundary of the SU(3) multiplet can be constructed by repeated

applications of the other operators. p successive applications of Uy, ¢ steps of
V., p steps of T and finally ¢ steps of U_ close the boundary.

"The discussion here follows closely that of S. Gasiorowicz [GAS66] where also more details
can be found.
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Figure 3.3: Fundamental triplets for (a) the 3 representation and (b) the 3
representation of SU(3) in the isospin (T5)-hypercharge (Y') plane

For example, the lowest possible multiplets besides the singlet (0,0) are
given by (1,0) or (0,1), where the numbers stand for the two indices (p,q).
Their geometrical structure is shown in Fig. 3.3. In this case, the possible
values of (t3,y) are given by the eigenvalues of the operators T3 and Y (3.84)
in the (3 x 3) representations. The representation 3 belongs to the A matrices
of (3.73), whereas 3 is connected with the generators of the second fundamental
representation (3.77); this can be seen by inspecting the eigenvalues of A} and
Ag (see (3.77)). Both representations act on triplet states; therefore (1,0) is
abbreviated by 3 and (0,1) by 3. There are thus two triplets possible (cf. the
discussion in Sect. 3.3.1). This is so because SU(3) is a group of rank 2 and is
in contrast to SU(2), which is a group of rank 1 [LICT78].

The multiplet (1,1) has the structure shown in Fig. 3.4. Here the point
t3 = y = 0 deserves special attention. First, it can be reached by raising or
lowering operators on several ways. With the help of the commutation relations
one can, however, show that all these states (t3 = 0,y = 0) that have been
reached on different ways are linear combinations of two basis vectors, namely
T_|max) and V_U,|max). Since there exist two linearly independent linear
combinations of these two states, the center point is doubly occupied and the
multiplet (1,1) forms an octet of states.

Since SU(2) is a subgroup of SU(3) states with the same y can also be
assigned to isospin multiplets; one of the two center states then belongs to the
T =1 triplet and the other one to the T' = 0 singlet.

The states in an octet transform in a particularly simple way because the
eight-dimensional generators acting on them can be chosen to be in the regular
representation

(Fi)im = =ifeim (3.98)

where the fg,, are the structure constants of SU(3). In this case the transfor-
mation law for the fields ¥ (see(3.83)) is given by

5\111 = iEk [Qk, \I/]l = _Ekfklm\I}m . (3.99)
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Here W; is a member of an octet. States in higher dimensional multiplets can
be transformed only after the corresponding matrix representations of the gen-
erators A; have been constructed. There is, however, a more efficient method
available for this problem; it is based on the construction of tensors with well
defined transformation properties and will be discussed in Sect. 4.2.

3.3.3 Assignments of Hadrons to SU(3) Multiplets

The experimentally observed baryons and mesons can indeed be assigned to
various SU(3) multiplets. In these SU(3) multiplets, all quantum numbers
associated with other symmetries, like spin and parity, are the same. It is then
found that the energetically lowest spin-1/2 baryons form an octet, whereas the
spin-3/2 baryons can be assigned to a decuplet with (p,q) = (3,0) (see Fig.
3.4). The antiparticles of the baryon multiplet members have baryon number
B = —1 and opposite intrinsic parity, as can be seen from (A.34) and (A.36),
and thus form other multiplets.

A baryon singlet with y = ¢t3 = 0 and positive parity does not seem to
exist. There are, however, higher-lying particles with negative parity, such as
the A(1520), with J™ = 3/2~ that seem to be mainly SU(3) singlet states.

The mesons can also be grouped into multiplets (see Fig. 3.5). The pseu-
doscalar mesons form the multiplet with lowest average mass, an octet. Here
the antiparticles are not distinguished by any other quantum number, they are
therefore members of the same multiplet as the corresponding particles; in par-
ticular, in the pseudoscalar octet the “center particles” 1 and 70 are their own
antiparticles.

In addition, a similar pseudoscalar meson exists, the 7', which forms a pseu-
doscalar singlet and is mixed with the octet state n that carries the same quan-
tum numbers. The same is true for the vector mesons where the isoscalar vector
meson w is mixed with the ¢-meson. Thus there is really a nonet of states present
instead of a well-defined octet and singlet. This fact cannot be understood in
the present framework and will be discussed again later (in Chap. 8). It is
also worthwhile to note here explicitly that the lowest dimensional multiplet of
SU(3), the triplet, is realized neither in the meson sector nor the baryon sector.
The absence of just the fundamental triplet of SU(3) is at this point a surprising
experimental fact that demands an explanation.

Another fact that cannot be understood in the present framework is the
origin of the Gell-Mann—Nishijima formula (3.72). It says that for all particles,
mesons and baryons, in SU(3) multiplets the electrical charge @ is empirically
given by

1

It is thus natural to define the charge operator Q by this relation, thus expressing

it in terms of the operators for hypercharge and third component of isospin.
In analogy to the considerations in Sect. 3.2.3, where an SU(2) symmetric

Lagrangian for mesons and baryons was constructed, the same can be done
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here for a SU(3) symmetric Lagrangian. In such a Lagrangian, all baryons
of a certain SU(3) multiplet are coupled to all mesons in an SU(3) multiplet
with one additional coupling constant [GAS66]. Thus an SU(3) symmetric
theory yields very definite predictions for the baryon-meson interactions that
can be checked experimentally through various rules for the relative intensities
of reactions involving baryons or mesons of the same multiplet. These rules —
together with the masses — are actually used to assign the mesons and baryons
of the multiplets discussed above but they also show that the SU(3) symmetry
is not nearly as perfect as SU(2). This is also indicated in the mass splittings
within the multiplets that are discussed in the next section.

Finally, it should be mentioned that heavier particles with “charm”, a new,
approximately conserved quantum number, have also been detected. This quan-
tum number emerges only in the next higher symmetry group, SU(4). The
experimentally observed mass-splitting in the SU(4) multiplets is significantly
larger than in SU(3), so that the SU(4) symmetry breaking components of the
strong interaction are obviously much larger than those breaking SU(3). Thus
SU(4) does not appear to be a useful symmetry. This is even more so for the
flavor symmetry groups SU(5) and SU(6) which would encompass the particles
with “bottom” and “top”, another conserved quantum numbers.

3.3.4 SU(3) Symmetry Breaking

Symmetry of the strong interaction Hamiltonian under SU(3) transformation
implies that all states of a multiplet should have the same mass. However, for
the baryons this is only fulfilled within about 40 per cent. For the pseudoscalar
mesons the symmetry breaking is even worse; here the energies range from 135
MeV (79) to 549 MeV (7). Thus, the SU(3) symmetry breaking is significantly
larger than that of SU(2) and the assignment of particles to SU(3) multiplets
may be difficult.

The mere size of the SU(3) symmetry breaking indicates that it cannot be
attributed to some weaker interaction but must be due to components of the
strong interaction itself. We thus assume that the strong interaction can be
split into an SU(3) invariant part Hy and a part H' that explicitly breaks the
symmetry

Hy = Ho+ H'

The possible form of H’ can be obtained from the following considerations.
Within an isospin multiplet the masses are equal (except for the small splitting
due to the Coulomb force). Therefore, H must commute with T5. The only
generator of SU(3) that commutes with T3 is Y, thus suggesting a form for H’,

H' =a+bY (3.100)

(T3 cannot appear linearly since such a term would break the very good SU(2)
symmetry). Since H' of (3.100) does not account for the mass-difference between



3.3. SU(3) SYMMETRY 51

the A® and the X in the baryon octet (A° belongs to an isospin singlet, ¥ to the
T =1 triplet), H’ is supplemented by quadratic terms

H' =a+bY +cT?+dY? | (3.101)

where a, b, ¢ and d are constants. With d = —c¢/4, this is the Gell-Mann—Okubo
mass formula that was used by Gell-Mann 1964 to order the baryon resonances
into a decuplet and to predict the mass of the 2~. Equation (3.101) is good
within a few per cent for the baryons but does not work well for the mesons.
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Figure 3.4: Baryon multiplets of SU(3). (a) Octet of spin-1/2 baryons, (b) de-
cuplet of spin-3/2 baryons, the baryons denoted by ¥ here are the members of
the N (1385) triplet

(a)

Figure 3.5: Meson multiplets of SU(3). (a) Octet of pseudoscalar mesons with
J™ =07; (b) octet of vector mesons with J™ =1~



Chapter 4

Quarks

In Chap. 3 it was shown how the observed strongly interacting particles can be
grouped into multiplets according to the relevant symmetry group. In particular,
the SU(3) classification of mesons and baryons was shown there to account
quite well for many observed features of these particles and their interactions.
However, a number of problems that arise with such a scheme were set aside
in Sect. 3.3.3. First of all, we were not able to explain why in particular the
baryons appear in octets and decuplets, whereas the mesons can be grouped
into nonets, which seemed to be mixtures of singlets and octets. Further, the
question arose why the fundamental SU(3) triplet does not seem to be realized
in nature.

In this chapter we will take up these questions again by assuming that mesons
and baryons are bound states of particles that belong to the fundamental triplets
of SU(3).

4.1 Construction of SU(3) Multiplets

The starting point for the considerations in this chapter is the observation that
the mesons and baryons can be grouped into SU(3) singlets, octets and decu-
plets, whereas particles that could be identified with the fundamental SU(3)
triplets do not seem to occur in nature. The decisive link between these two
facts is provided by the assumption that mesons and baryons are (strongly)
bound many-body states of particles that belong to the fundamental triplets.
This assumption finds some support in the possibility to construct the various
SU(3) multiplets by coupling these fundamental triplets.

As already discussed in Sect. 3.3.2, the fundamental representation acts on
a triplet with (p,q) = (1,0) or (0,1), denoted by 3 or 3, respectively. Both
representations are not equivalent (see discussion at the end of Sect. 3.2.3).
They transform under

Al

3: U=e =% (4.1a)

93
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Table 4.1: Quantum numbers for the three lightest quark flavors. The anti-
quarks 4, d and § have opposite signs for all quantum numbers

Flavor T3 Y Q B S
up (u) +1/2 +1/3 +2/3 1/3 0
down (d)  —1/2 +1/3 —1/3 1/3 0
strange (s) 0 -2/3 -1/3 1/3 -1

or (see (3.42))

AL*

3. Ur=ete ™ | (4.1b)

respectively. If a fermion field ¢ transforms under U, then the antiparticle field
qd = iv2v0q* (see (A.34)) will transform under U*, which is just the matrix
representation of the second SU(3) transformation U. Therefore the states of
the triplet 3 are the antiparticles to those of the triplet 3.

To each of the different states in both triplets we now assign particles, which
we call “quarks” for the 3 representation and “antiquarks” for the 3. These
are at this stage purely hypothetical hadronic building blocks; their quantum
numbers are given for each of the three “flavors” in Table 4.1.

The assignment of the quantum numbers 73 and Y is dictated by the eigen-
values of the Gell-Mann matrices A3 and \g (T3 = A3/2, Y = )\g/V/3); the
electrical charge @ is assigned according to the empirical Gell-Mann—Nishijima
relation (3.72). The masses of all three quarks have to be the same, so that the
three states of the triplet have the same energy, if we require the SU(3) symme-
try of the Lagrangian. The assignment of the baryon number B will be justified
later; it is necessary to obtain the correct baryon numbers for the hadrons. The
strangeness S is then assigned according to the general relation S =Y — B. In
addition, it is assumed that these quarks are fermions, i.e. spin-1/2 particles;
the justification for this assumption will become clear in the following sections.

In the graphical representation of Sect. 3.3, the fundamental triplets have
the structure shown in Fig. 4.1.

All higher multiplets of SU(3) can now be constructed from the fundamental
multiplets 3 and 3 by appropriate vector coupling methods (Clebsch—Gordan co-
efficients of SU(3)). Instead of this formal approach, here again, as in Sect. 3.3.2,
a graphical construction method will be used. This method exploits the fact
that Y and T3 are conserved quantities under an SU(3) transformation and that
in a direct product of both multiplets they are additive:

Y = "+Y,
T3 = T31+T32 ,
where Y and T3 are the hypercharge and the third isospin component of the

product state. By using these relations, all possible basis vectors of any prod-
uct representation can be generated. They then have to be assigned to the
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Figure 4.1: The fundamental triplets for (a) the quarks and (b) the antiquarks
in the isospin-hypercharge plane

multiplets, i.e. the basis vectors of irreducible representations, that have been
discussed in Sect. 3.3.2.

The graphical construction method based on this relation is illustrated here
for the physically relevant cases 3®3® 3 and 3® 3. This will show that baryons
and mesons can be understood as three-quark and quark-antiquark systems,
respectively.

4.1.1 Construction of the Representation 3 ® 3

The construction of the product space starts by attaching to each state of the
fundamental triplet 3 the antitriplet 3 such that each state of the original triplet
forms the center of the attached antitriplet. The corner points of the antitriplets
then obey by construction the additive relation for Y and T3.

As can be seen in Fig. 4.2, an octet and a singlet are generated in this way
since the center point (Y, T3) = (0,0) is threefold degenerate. Thus one has

33=8d1 . (4.2)

The product states formed by the product 3®3 thus have been decomposed into
a sum of multiplets of SU(3). This is the analogue of the Clebsch—Gordan series,
which is well known in the theory of angular momentum. The decomposition
(4.2) implies for the symmetry operator U that its matrix representation for
the 3 ® 3 product space can be brought into block diagonal form where the
dimensions of the special unitary submatrices are (8 x 8) and (1 x 1).

Since the states of 3 are the antiparticles of 3, all particles belonging to
the 3 ® 3 representation must have vanishing baryon number. We may thus
be tempted to identify the just constructed nine states with the states of the
observed meson nonet. Because the SU(3)-symmetry-breaking component of
the strong interaction mixes the two multiplets, which agree in all other quantum
numbers such as baryon number, spin and parity, such an identification explains
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Figure 4.2: Graphical construction of the SU(3) octet and singlet from the two
fundamental triplets 3 and 3 of SU(3): 3® 3 = 8 ® 1. The triple occupation
of the center point is indicated by the two circles around it. The dotted 3
representations centered around each corner point of 3 are drawn on a slightly
smaller scale to increase the visibility in this plot

naturally why the SU(3) meson octets always appear mixed with a singlet, thus
forming a nonet.

The observation that mesons appear only with angular momentum J = 0
and J = 1 suggests to assign the spin 1/2 to the quarks, if one assumes a relative
orbital angular momentum L = 0 for the lowest energy states. The parity of
the meson state must then be negative, since fermions and antifermions always
have opposite parities. This simple theory thus predicts the existence of both
pseudoscalar (07 ) and vector (17) meson multiplets. Both are indeed observed
in nature (see the discussion in Sect. 3.3.3).

4.1.2 Construction of the Representation 3 ® 3 ® 3

In Sect. 4.1.1 we have discussed how the mesons may be understood as quark-
antiquark (gq) pairs. Since baryons also form SU(3) multiplets, it is tempting
to also try to explain their structure in terms of elementary building blocks,
the quarks. Since baryons are spin-1/2 particles it is clear that one needs an
odd number of quarks for such a construction. The first representation with
this property is 3 ® 3 ® 3, which will now be constructed. This construction of
baryons out of 3 quarks fixes the baryon number of ¢ to 1/3.

For that purpose, we first construct 3 ® 3. This yields, with the same con-
struction method as in Sect. 4.1.1,

33=6®3 , (4.3)

which is shown in Fig. 4.3. In contrast to 3® 3, here no singlet appears. Neither
6 nor 3 are observed in nature.
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Figure 4.3: Construction of the SU(3) sextet and antitriplet from the two fun-
damental triplets 3 and 3 (dotted and dashed lines): 3 ® 3 = 6 & 3. Multiple
occupations of individual points are again indicated by circles. As in Fig. 4.2,
the inner 3 representations are drawn on a slightly smaller scale to increase the
visibility in this plot

In a next step we now have to construct 3 ® 6, since 3 ® 3 ® 3 has been
reduced to

333=326®3)=(326)d (3x3) (4.4)

and 3 ® 3 is already known from Sect. 4.1.1. The construction of 3 ® 6 yields
the multiplet shown in Fig. 4.4.

Obviously, a decuplet is generated. In addition, some points are occupied
twofold, the center point even threefold. One of the states at the center has to
belong to an isospin triplet of the decuplet, the other two belong to an octet.
We thus have

396=100m8 . (4.5)
Combining this decomposition with (4.4) and using (4.2) finally gives
30303=03806)2(B23)=1068®8®1 . (4.6)

Thus the basis states of the product representation can be reduced into a sum
over states of a decuplet, two octets and a singlet.

That the octet appears twice is due to the fact that in the coupling of three
particles one and the same final state can be reached in two different ways. The
two representations are connected by a unitary transformation. Thus, in their
physical content, the octets constructed above are equivalent.

All the particles that belong to the multiplets on the rhs of (4.6) can only
have either spin 1/2 or spin 3/2, in agreement with experiment, if the individual
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Figure 4.4: Construction of the SU(3) decuplet and octet from the triplet (dot-
ted lines) and sextet (dashed lines): 3 ® 6 = 10 ¢ 8. The dashed inner 3
representations are not drawn to scale to increase the visibility

quarks carry spin 1/2 (cf. the discussion in Sect. 4.1.1). It is furthermore clear
that the baryon number B = 1 for the nucleon can be obtained if each of the
quarks carries the baryon number B = 1/3; the charge of the baryons obeys
the Gell-Mann—Nishijima relation (3.72) if each of the quarks obeys it, because
charge is an additive quantum number. This fixes the quark charges given in
table 4.1. Thus the observed states of the baryons can indeed be generated by
a coupling of three quarks.

The masses of all three quarks have to be the same in an SU(3) symmetric
world. Turning this argument round we can conclude from the empirical obser-
vation that SU(2) is a very good symmetry of the strong interaction whereas
SU(3) is significantly broken that the masses of up and down quarks have to be
very similar, whereas that of the strange quark must be significantly heavier.

Thus all the observed states of mesons and baryons can be understood as
being composed of ensembles of quarks and antiquarks. This is a remarkable
success of the quark picture. However, also new problems arise in such a de-
scription. One of them is why the spin-1/2 baryons appear only in an octet and
the spin-3/2 baryons only in a decuplet. Furthermore, it is quite unknown at
this point why other quark states such as qq, qqq or qqqq are not seen in nature.
A possible explanation would be in terms of the quark-quark interactions that
could make these states energetically very unfavorable. This possibility will
be discussed together with our present understanding of the ¢-q interactions in
Chap. 14.
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4.2 State Vectors for the Multiplets

In Sect. 4.3 it was shown how SU(3) multiplets can be constructed. These
multiplets form the basis vectors of the irreducible, unitary representations of
the SU(3) group. For explicit couplings of multiplets, or actual transforma-
tions of the higher multiplets, first the higher-dimensional representations of
the generators of SU(3) have to be constructed, a cumbersome procedure.
There is, however, an alternative method based on the introduction of ten-
sors, whose transformation properties are determined by the three-dimensional
representation of SU(3) alone and which are therefore very useful tools for ex-
plicit calculations in SU(3). In particular, the coupling of the fundamental
triplets to higher-dimensional multiplets with a graphical method, that we have
discussed in the preceding section, can easily be performed in this formalism.

4.2.1 Tensor Algebra

The explicit structure of the composite baryon and meson wavefunctions can be
obtained most easily by using tensor methods. These methods start from the
fact that the SU(3) triplet written as a vector

1

q u
g=1 ¢ | =| d (4.7)
¢ s

containing the three quarks is transformed under SU(3) as
¢=Uq , (4.8)

where U is the fundamental (3x3)-dimensional matrix representation of the
SU(3) symmetry operation. The matrix U is written as U} so that (4.8) reads
in components

y .
¢ =Uj¢d . (4.9)

In the language of group theory, this transformation property defines an irre-
ducible tensor of rank (1,0).

The states that transform according to the complex conjugate representation
3 are labelled by ¢;. They transform under the SU(3) transformation with
Al = =A% (see (4.1b)), so that the transformation law for them is

= (U);5=0 3 . (4.10)
The §; form an irreducible tensor of rank (0, 1); physically they describe the
antiquarks (see beginning of Sect. 3.3.2). o
In general a tensor of rank (m,n) is defined as an object T;f;:l“ that trans-
forms under SU(3) as
i1 im irim ' _ p7i im
T = (T5r) = Uy = Uy (UT)

Jidn J1In

(U e ()

1
J1
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where U is the (3 x 3)-dimensional representation of the group. Special cases of
these tensors are the ¢* and g; defined above.

A tensor that is essential for our present purpose of constructing the quark
wave functions of mesons and baryons explicitly is the Kronecker §-symbol, 5;
It is an “invariant” (or “isotropic”) tensor of rank (1,1) because its numerical
values do not change under an SU(3) transformation

(&) = Ui (UT)of = Ui (U)! = 4. (4.12)
This follows from the unitarity UUT = 1 of the group SU(3).

Another invariant tensor is the completely antisymmetric Levi—Civita tensor

€ijk- One has

(eijk)' = (UT)? (UT)f (UT)Z Eaﬁ»y = det(UT)eijk = eijk y (4.13)

since U describes a special unitary transformation. Equation (4.13) not only
shows that ¢;; is a tensor of rank (0, 3), but also that it is invariant. The same
holds for €%, which is a tensor of rank (3,0).

New tensors can be formed by adding tensors with the same rank or by
multiplying tensors that can also have different ranks. The product of a tensor
T of rank (m,n) with T of rank (n, 1)

Chigmia™ = T T
can easily be shown to be itself a tensor of rank (m + m,n + 7).

For our present purpose it is further interesting that the rank of a tensor
can be lowered by contraction with either the d- or the e-tensor. For example,
if T; is a tensor of rank (1, 1), then its contraction with the §-tensor, which just
equals its trace,

Ti§) = T} = tx(T)

transforms as

S\ ; l ; n
(o) = UL (U, ug (U] The
= &0, T7oy
= TFoL =T =tr(T) . (4.14)

Thus the tensor T of rank (1, 1) has been reduced to a tensor of rank (0,0), i.e.
a scalar. In general, contraction of a tensor of rank (m,n) with § yields a new
tensor of rank (m — 1,n — 1). The contraction can in this case run over any of
the lower and any of the upper indices of the tensor.

Similarly, one can contract, for example, a tensor of rank (3,0) with the
e-tensor (4.13). This yields

ijk I irriTTk s t u r
(T%y) = UpUs Uy (UT)I (UT)j (UT)kqu Estu
i S ot su r
= U, (UT), 6L05TP" €10

UL (UT), TP egqr (4.15)
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Thus, the contraction
Ci = Tiike,, (4.16)

of the tensor T of rank (3,0) with the tensor € of rank (0, 3) transforms as a
tensor C of rank (1,1). In general, a tensor of rank (m,n) contracted with the
tensor €;;, will yield a new tensor of rank (m — 2,n + 1). Likewise, contracting
with the tensor €% of rank (3,0) yields a new one with rank (m +1,n —2). In
the former case the contraction can run over any two of the upper indices, in
the latter case over any two of the lower indices of the tensor.

If by contraction of a tensor of rank (m,n) with either the - or the e-tensor
a new nonvanishing tensor of rank (p,q) with (p + ¢ < m + n) can be formed,
then the original tensor is called reducible. Otherwise it is irreducible. From
(4.15) it is evident that tensors that are completely symmetric under exchange
of any pair of upper or lower indices can no more be contracted with the e-
tensor. If in addition their trace (contraction with the J-tensor) vanishes they
are irreducible. These conditions imply that not all components of irreducible
tensors are linearly independent.

At the beginning of this section we have defined a tensor and its rank via the
SU(3) transformation properties. The investigation of tensors and their prop-
erties is thus closely related to the corresponding representation of the group.
Another important property of a tensor is its dimension, i.e. its number of lin-
early independent components. If one picks out d linearly independent compo-
nents of a tensor T of dimension d and orders them into a d-dimensional vector,
then this vector will transform under a (dxd)-dimensional representation of the
symmetry group. If the original tensor is irreducible, then the group represen-
tation also is irreducible and the d linearly independent tensor components, to
be identified with the physical particles, form a multiplet.

Working with tensors has the advantage that the transformation behavior of
even the higher-rank tensors is determined by the matrix U ;f, i.e. the fundamen-
tal representation. Thus, higher-dimensional matrix representations of U never
have to be constructed. By assigning the physical states of a multiplet to the
linearly independent elements of an irreducible tensor, we fix the transformation
properties of the former in an easy way. This will be especially applied to the
physically relevant products ¢'g; and ¢'¢? ¢, which transform respectively as

¢4 — (d'5) = Ui (U1, i"a (4.17a)
¢''d" — (¢'¢'q") = UjUL,Ukd'qmq" (4.17b)

as follows directly from (4.9) and (4.10), respectively. Comparison with the gen-
eral definition (4.11) shows that the two products of (4.17) are SU(3)-tensors of
rank (1,1) and rank (3,0), respectively. These can be decomposed by contrac-
tion into irreducible tensors and thus into the states of the physical multiplets.
This reduction is the main point of the following section.
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4.2.2 Hadron Multiplets

We now use the general methods developed in the last section to construct the
relevant SU(3) multiplets for the observed hadrons, first for the mesons and
then for the baryons.

Meson Multiplets
For the contraction of ¢q with &, we have
S=q'q0 =d'q . (4.18)

According to the discussion after (4.14), S is a tensor of rank (0, 0), i.e. a scalar.
S thus describes a flavor singlet.
The tensor (4.17a) can obviously be decomposed in the following way

i R Loy
q'q; = <q 45 — quqkéj) + quqm% . (4.19)

Here the first term in parentheses cannot be contracted any more because it has
vanishing trace

L) s P
(qij‘ - qu%éj) 5] = (q @i — gq’“qk@) =0 . (4.20)
It is, therefore, an irreducible tensor of rank (1,1). The second term in (4.19)
is just the singlet (4.18), so that (4.19) describes the well known decomposition
3@3=8a1.

That part of the meson tensor which transforms according to the octet repre-
sentation

T T U Y,
Mj = q'7 = 30" (4.21)

is explicitly given by

% (2ua —dd — 55) ud us
M = du % (QdJ— uu — 55) ds
Su sd % (255 —uu — da_l)

(4.22)

This is one of the nicest features of the tensor method: the tensor of rank (1, 1)
that describes the important octet is just an ordinary matrix.

The physical particles of the meson octet can now be expressed in terms
of the linearly independent components of M. Because of their unique isospin
content, the non-diagonal elements of M can directly be identified with members
of the octet simply by comparing the isospin and strangeness properties of the
former with those of the latter.
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One obtains for the pseudoscalar mesons

M} =nt=ud M} =n" =du
M; =K' =u3 M} =K~ =su
M; =KY=ds M3 =K'=sd . (4.23)

Because M is traceless, only two of its diagonal components are independent;
they must therefore represent linear combinations of the 7#° and 1 mesons, the
two remaining members of the octet of pseudoscalar mesons. The structure of
these two particles can again be determined by taking into account the isospin
symmetry: the 7% has to be the missing member of the pion isotriplet with
ts = 0. This determines the 7° state uniquely as follows'
1
0 . +
T =—(uu—dd) ~T_ 7" .
- (ua— da)
From this flavor structure it is evident why the ZTO is its own antiparticle whereas
the K° has a distinctly different antiparticle K°. The requirement of orthogo-
nality to the ¥ together with the condition tr(M) = 0 then gives
n= L (25§—uﬂ—dd).
V6
These two mesons can therefore be identified in the diagonal elements of M in
the following way:

1 1
M = —a'——n
1 \/§ \/677
1 1
M = ——a'——n |
? V2 e
2
M = (4.24)

\/677

The structure of the pseudoscalar meson singlet is given by (4.18). It is
identified with the 7’ meson, observed at a mass of 958 MeV. The SU(3)-
breaking component of the strong interaction actually mixes the t3 =0,y =0
mesons 7 and 7', but their mixing angle is quite small [PER&7], so that these two
mesons can in a reasonable first approximation be assumed to be pure SU(3)
multiplet members.

An analogous identification of the quark structure can be performed for the
vector mesons which differ only by their spin, i.e. a non-SU (3) quantum number,
from the pseudoscalar ones. Thus the vector, isovector p has the same flavor
structure as the pseudoscalar, isovector w, and the K* mesons agree in their
flavor content with the K mesons. The eighth member of the octet, called here
¢s, and the SU(3) singlet, called here ¢y, are strongly mixed with a mixing
angle of ~ 35° i.e. sinf = 1/4/3 [PER87]. This leads to an “ideal” mixing

IThe minus sign in the 7° state occurs because of the SU(2) transformation properties of
the charge-conjugate states (see (3.47)) that contain an extra minus sign.
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for the observed vector mesons w and ¢ in the sense that all the strangeness is
concentrated in the ¢ meson:

¢ %% + \/g% =s
_ \/E S S
w =4/35%0 \/g(bg = (ut +dd) . (4.25)

Baryon Multiplets

In Sect. 4.1.2 it was shown how the observed baryon multiplets can be under-
stood by combining three quarks with each other. In this subsection we now de-
compose the 3-quark tensor ¢’ ¢* into its irreducible constituents that describe
the physical multiplets. This decomposition corresponds to the decomposition
3®3®3=1048® 8@ 1 achieved graphically in Sect. 4.1.2.

For this purpose we first apply the contraction (4.16) to the product ¢’q’¢* (4.17b).
This yields

Cl = q'dq e

C'is a tensor of rank (1,1). It is, however, not yet irreducible, because its trace
does not vanish. It can be made irreducible by subtracting one third of its trace
from the diagonal elements

i i g Leim g
B = d'd'd"eix — 30147 ¢ emn - (4.26)

B is an irreducible tensor of rank (1,1); it forms an SU(3) octet. Note that
B is of mixed symmetry; it is antisymmetric under exchange of quarks 2 and
3, but has no specific symmetry under exchange of quark 1 with the others.
Alternatively, we could have defined another octet in which quark 1 and 2 are
antisymmetrized; this corresponds to the appearance of the second octet in
the group-reduction (4.6). The third possibility, in which quarks 1 and 3 are
antisymmetrized, yields a linear combination of the former two cases and is thus
not linearly independent.

The identification of the elements of the baryon tensor (4.26) with the phys-
ical baryons can again be made as in the case of the meson octet by comparing
isospin and hypercharge. One obtains for the spin-1/2 baryons in the octet

1 1
Bl — _20__A0

TRk
B, = ¥F By =p
B = %~ Bi=n

1 1

B2 — ——EO——AO

? V2 V6
B} = = By =2’

2

B = ——AY . 4.27

3 \/6 ( )
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Two other irreducible tensors can be formed out of the product ¢*¢’¢*. First,
we can form the completely symmetric tensor

D% =3 "g"¢ (4.28)
P

where the sum runs over all permutations («, 3,7) of the indices (i, j,k). By
construction D is completely symmetric in any pair of indices and thus cannot
be contracted; it is, therefore, irreducible. Although D has 27 components,
because of the symmetrization (4.28) it contains only 10 independent elements.
D can thus be identified with the decuplet of spin-3/2 baryons.

Second, we can also form a singlet state out of qqq

S = > P

P
= ¢dden (4.29)

where the sum runs over all permutations («, 3,7) of the indices (4,7, k) and
the sign (—) is positive or negative, depending on whether the number of
pairwise exchanges necessary to build up the permutation P is even or odd.
This SU(3) singlet state is thus completely antisymmetric under exchange of
any two particles. It is remarkable that there is no low-lying singlet state in
nature; all the particles that can possibly be assigned to the SU(3) SINGLET,
such as the A(1520), have negative parity and lie at energies higher than those
of the decuplet. In the next section we will discuss the origin of this fact.

In all of these constructions it has been assumed from the outset that the fla-
vor SU(3) is an exact symmetry of the strong interactions, so that the hadrons
within a given multiplet all have the same mass. In particular, for the SU(3)
triplet this means that also the masses of all three quarks, u,d and s, have to
be equal. As we have discussed in Sect. 3.3.4, however, the observed SU(3)-
multiplets reveal a significant mass-splitting. By assuming that this breaking of
the SU(3) symmetry has its origin in different masses for the three quarks, spec-
troscopic studies of hadron states [LEE81] lead to the conclusion that [PDG98]

my 22—8MeV, mg=5-—15MeV, m,=100— 300MeV. (4.30)

The larger mass of the strange quark reflects the observed SU(3) mass splitting
with consistently higher masses for the strange hadrons. If the SU(3) symmetry
is already broken at the quark level then it is natural that the members of the
higher-dimensional SU(3) multiplets cannot all have the same mass.

In 1974 new metastable mesons were detected that do not fit into any of the
SU(3) ordering schemes. This discovery has necessitated the introduction of
heavier quarks, namely the charmed and the bottom quarks. Their masses are
me ~ 1.0 —1.6 GeV and my ~ 4.1 — 4.5 GeV. Both quarks manifest themselves
in the appearance of mesons and their excited states with the structure c¢ or bb.
Systems of the structure c¢ are generically called “charmonium”, the so-called
J/v at 3.1 GeV being the lowest-lying state, whereas bb states are denoted by
“upsilon” with the lowest-lying state at 9.5 GeV. The two quarks carry new
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quantum numbers, charm and bottom, with all SU(3) quantum numbers being
equal to zero. On theoretical grounds, which suggest a correspondence between
the observed three (lepton, neutrino) families (e, v.), (i, V), (7,v-) and the
quark families (u,d), (s,c) and (b,?) (see the discussion in Chap. 11), a still
heavier quark, the so-called top quark, was predicted to exist as the partner of
the b quark. In 1994 in an experiment at Fermilab this particle has indeed been
found with a mass of about 170 GeV.

4.3 Color Degree of Freedom

The state vectors listed above for the mesons and baryons contain only the flavor
part. For a construction of the total state vector space- and spin-parts also have
to be attached. If we assume that the quarks are bound in some potential well
then the energetically lowest configuration corresponds to all quarks being in
a relative s-state, i.e. in a spatially symmetric state. This immediately implies
that for the mesons only the spin parity combinations J™ = 0~ and 1~ (negative
parity because of the qq composition) and for the baryons only J™ = 1/2% and
3/27% are possible.

The spin-3/2 baryons, however, pose an immediate problem. Their three-
quark wavefunction (4.28) is completely symmetric in its spinpart, flavorpart,
and spacepart, thus violating the Pauli principle.. This is most obvious, for
example, for the ATF which has a quark structure wuu with all three spins up
and has a mass that agrees with that of its isospin multiplet so that the quarks
must occupy the same spatial states in a potential.

A solution to this problem lies in the experimental observation that reactions
that proceed via an intermediate ¢ pair (like, e.g., 7° — 27, ete™ — hadrons)
point to the existence of an additional degree of freedom of the quarks that
can assume three different values [PER87]. It is suggestive to associate also
with this new degree of freedom, called “color”, a new symmetry of the strong-
interaction Lagrangian. We thus assume that the three color degrees of freedom
transform as an SU(3) triplet and that the Lagrangian of the strong interaction
is invariant under this color SU(3) transformation.

All the hadrons can then be assigned to color SU(3) multiplets that can
be constructed in exactly the same way as discussed in the preceding section
for the flavor degree of freedom. However, because free quarks, and in general
quark ensembles of the type discussed at the end of Sect. 3.3.2, are not observed
in nature it is further postulated that the baryons occur only as color singlets.
The color part of the baryon wavefunction can then be written as

Cy = chdqeecde ) (431)

where ¢, d and e are color indices. That the totally antisymmetric state (4.31)
indeed describes a singlet follows from our considerations of the SU(3) flavor
case in (4.29).

SIMILARLY, we have to postulate also that the mesons appear only in color
singlet states since, if all color combinations were possible, the number of mesons
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would have to be three times larger than is observed. The color part of their
wavefunctions is thus given by

Cm=qq (4.32)

which is analogous to the scalar tensor in flavor space in (4.18).

The introduction of this new degree of freedom and in particular the struc-
ture of the color states (4.31) and (4.32), immediately solves some of the puz-
zles mentioned earlier. For example, the meson octet is found with both spins,
whereas the baryon multiplets appear each with only one well determined spin,
the octet with J = 1/2 and the decuplet with J = 3/2. This different behavior
can now be understood as being due to the different character of meson and
baryon quark-wavefunctions under particle exchange.

Mesons are composed of one quark and one antiquark, i.e. distinguishable
particles, so that no particular exchange symmetry has to be required. Baryons,
on the other hand, are described by three-quark wavefunctions that must be
completely antisymmetric under exchange of any two quarks.? A spin-3/2 wave-
function is obviously symmetric in its spin part. Since the color part is antisym-
metric (color singlet), and since it is reasonable to assume that the three quarks
making up the baryon occupy a spatially symmetric state (the s-state) in some
potential well, the flavor part of the wavefunction must be totally symmetric,
as it is the case for the decuplet (see (4.28)). This explains why the spin-3/2
baryons appear only in the SU(3) decuplet. For the spin-1/2 baryons, on the
other hand, the colorpart and spaceparts are antisymmetric and symmetric, re-
spectively, whereas the spinpart is of mixed symmetry. It can, therefore, only
be combined with a flavorpart also of mixed symmetry, so that the flavor-spin
product is symmetric. This leaves for spin-1/2 baryons only the flavor octet
(4.26) as a possibility. As a further consequence, if the three quarks occupy a
spatially symmetric groundstate, the flavor singlet state (4.29) for baryons is
now forbidden by the Pauli principle, since both the colorpart and the flavor-
part of the total wavefunction are antisymmetric, so that the spin wavefunction
would also have to be completely antisymmetric. Such a spin state of three
quarks, however, does not exist. Thus baryonic flavor singlets can appear only
for higher angular momenta and therefore have a higher energy.

Summarizing, one can understand the structure of all hadrons by postulating
that all of them are color singlet states. This postulate immediately rules out the
observation of exotic states such as gq or even an individual quark ¢ and yields
the correct flavor SU(3) and spin assignments for the baryons and mesons. This
postulate must have a dynamical origin, which means that it must be due to the
color interactions between quarks and antiquarks. These forces have to be such
that color singlets are energetically strongly favored. There is an analogue to
such a situation in classical electrodynamics. There the electrostatic force binds
charged protons and electrons into neutral atoms. Likewise, for the quarks a
force is needed that binds colored quarks into color singlets.

2The explicit form of the total wavefunction is constructed in Appendix B.
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Chapter 5

Chiral Symmetry

A symmetry of the strong interaction that is less well known but plays an
important role in particle physics is the chiral symmetry. It is the purpose of
this chapter to present a major experimental result that reflects this symmetry.
Although chiral symmetry is a property of the strong interaction, we will see
that it can be indirectly observed in a weak interaction process, the (-decay.
Finally we will discuss the underlying group structure of the symmetry.

5.1 Phenomenology of 5-Decay

Since one of the most important experimental hints for the chiral symmetry of
strong interactions is obtained from the G-decay we will first very briefly discuss
the necessary properties of the classical theory of S-decay.

5.1.1 Leptonic §-Decay

In the classical Fermi’s theory of -decay, the interaction part of the Lagrangian
for the purely leptonic 8-decay process, e.g. the decay of the muon,

woo— e U+, (5.1)

is given by the coupling of currents

4GF A o—
Liept = —=j T 5.2
lept \/5 .7 j)\ ( )
with the “charged” current
1 7z
j)\ = 5 Zf’}/)\(l — ’}/5)Vg . (533’)
[
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Here ¢ stands for the spinor of the lepton field and vy for that of the correspond-
ing neutrino, the sum runs over all three leptons (e, p, 7). The other transition
current is given by

) 1 _
ix = 3 > o mn(l =)l (5.3b)
‘

Formally one can also write the currents, for example j;’, as
ix = Z Loyaty Ly, (5.4)
‘

with the two-dimensional lepton spinor

= ()= (aa ) (55)

Here t4+ = 74 /2 is the normal isospin raising operator (see (3.62)) and ¢y, is the
left-handed part of the lepton spinor (note that the neutrino is only left-handed
so that v, = v). The intrinsic degree of freedom associated with the two fields
in the doublet L is called the ‘weak isospin’.

The appearance of the combination (1 — ;) implies that the interaction
contains vector as well as axial vector contributions and thus does not conserve
parity. The factor (1 — «5) in front of the lepton field operators reflects the
fact that only the left-handed parts of the lepton fields are coupled to other
particles via the weak interaction. For the neutrinos this is automatically the
case if these are exactly massless and appear only as left-handed particles(see
appendix A). In front of the massive electron field (as well as i, 7), this factor
leads to a polarization of the electrons involved in weak interaction processes
like, e.g., B-decay.

For the specific decay (5.1) of a muon into a muon-neutrino, an electron-
antineutrino, and an electron, one obtains for the relevant interaction

Gr _ _
L, = 7}; V,ﬁ’\(l —ys)peya(l —v5)ve . (5.6)

This Lagrangian mediates the u-decay. The effective coupling constant for the
p-decay is
G
G, ==
V2

5.1.2 Semileptonic $-Decay

In analogy to the leptonic decay, the B-decay of hadrons can also be treated.
Now the interaction Lagrangian is
4Gy

Ehadr = W (JAJF.])T + JA?.])J\F) ) (57)



5.1. PHENOMENOLOGY OF (-DECAY 71

where J denotes the hadron current and j the lepton current. The hadronic
current is not known a priori, but has to be constructed from case to case. For
the neutron decay

n—opte 470, (5.8)
for example, one has found
+ 1
TA = 57N gv = gars)n (5.9)

so that the relevant part of the Lagrangian becomes
Gr _ _
L, = Emk(gv —gavs)nen(l —s)ve (5.10)

Here e, p and n stand for the electron, the proton and the neutron fields. The
hadron current has a form that is very similar to that of the leptons but contains
the constants gy and gy which have to be determined by experiment. Their
presence is an indication for the composite structure of the hadrons . Equation
(5.10) can also be written as

Gr

Ly = NG (gvVa — gadr) e (1 —ys)ve (5.11)

with the vector current

Vi = pyan = Nty N (5.12)
and the axial vector current

Ay =p1aysn = NtpgnmsN (5.13)

with the nucleon spinor N. Equation (5.11) exhibits the V' — A form of the
nuclear B-decay interaction.

In a non-relativistic approximation one can see that the axial vector Ay
mediates transitions with AJ = 0,1, whereas the vector current is responsible
for only AJ = 0 transitions, both without a parity change. The former flip the
spin of the nucleon (Gamow—Teller transitions), whereas the latter conserve the
spin direction (Fermi transitions).

Experimentally, one finds for the coupling constants

gv =098,  ga/gv =125, and Gp=103-10""/m> , (5.14)

where m,, is the proton rest mass. It is quite remarkable that gy ~ 1 so that
the effective vector coupling constant has nearly the same value both for the
leptonic and for the semileptonic decay and is thus a universal constant.

This universality of the coupling constant suggests that both interactions,
the purely leptonic and the semileptonic, can be unified into one single weak
interaction Lagrangian,

4Gy

Luenie = 7 (T +77) (I +3)] (5.15)
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which describes the pointlike interaction of charged currents, i.e. of currents
that change the charge of the corresponding particle by one unit. Note that this
Lagrangian describes not only weak decays of leptons and hadrons, but also
other interaction processes such as (v, e) scattering events.

This is the universal form of the weak interaction (‘Fermi’s theory’) as it was
generally accepted about fourty years ago. Since then two new observations
have been made that do not fit into the theory described so far. One is the
discovery of strangeness-changing weak decays of strange particles (like e.g.,
Kt — pv, (AS =1)). The other is the existence of weak interaction processes
which are not connected with a change of charge (like, e.g. vee — v.e) and are
thus mediated by “neutral currents”. Both processes are described in more
detail in Chap. 9.

Equations (5.6) and (5.11) contain point interactions of four fermion fields
which violate the unitarity constraints on scattering cross sections at large ener-
gies, since the zero range of the interactions enables infinite momentum transfers
[QUI83]. This situation can be improved by the introduction of very heavy inter-
mediate particles, the W bosons, which transmit the interaction through boson
exchange and lead to a finite, though very small, range of the interaction. To
combine such bosons with the observed universality of the coupling constant in
a renormalizable theory, that is free of such unitarity violations, is the essence
of the so-called standard model of electroweak interactions [AIT82, QUI83],
discussed in Chap. 12.

5.2 Current Conservation in Strong Interactions

5.2.1 Vector Current Conservation

The fact that the semileptonic vector coupling constant gy for the (-decay of
hadrons is very close to 1 and thus nearly the same as the one for purely leptonic
decays is at first sight very astonishing. Nucleons are in contrast to leptons
strongly interacting particles. We could therefore have expected that the vertex
corrections in the two cases, and thus the empirical coupling constants, are quite
different. This is schematically indicated in Fig. 5.1, which shows some of the
processes that contribute to the renormalization of the coupling constant in the
case of the hadronic decay.

In 1958 Feynman and Gell-Mann have suggested an ingenious way out of
this difficulty. Their explanation rests on the understanding of an analogous
situation in quantum electrodynamics; there the charge renormalization is in-
dependent of particle type. The essential prerequisite for this result is the prop-
erty of electrical current conservation, i.e. the existence of a U(1)g symmetry
of the Lagrangian. Therefore, starting from the same unrenormalized charges
for, e.g., the strongly interacting proton and the weakly interacting positron, we
also arrive at the same physical charges for these particles after renormalization,
regardless of their different other interactions.

Turning this argument round, one may understand the universal value for the
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weak interaction coupling constant Gpgy by assuming that, much as in the case
just discussed, all weakly interacting particles have the same unrenormalized
“weak charge” and that this charge is conserved in the strong interaction. As
in the case of QED, the renormalized charges then also have to be the same
regardless of the quite different interactions that, e.g., a baryon and a lepton
experience.

We know that the conserved current related to this charge has to include V)
of (5.12). The special form of V therefore suggests the identification of the weak
hadronic vector current with the conserved isospin current. This suggestion goes
much further than the original ansatz for Ly since the conserved isospin vector
current contains contributions from many different fields:

Vi = N’Y)\tN—ia,\Watagﬂ'g
+ contributions of other particles . (5.16)

Replacing the vector part of the nucleon current Jy in Lw by this conserved
isospin vector current leads to definite predictions, with fixed coupling constants,
for other hadronic decays which have been verified by experiment.

The assumption that the weak hadronic vector current is conserved and can
be identified with the isospin current is known as the conserved vector current
(CVC) hypothesis. In mathematical form, the conservation of V' in the strong
interaction can be formulated as

APVy=0 (5.17)
with V') given by (5.16). The corresponding symmetry-operation is
U=eict | (5.18)

All the considerations concerning the CVC hypothesis have rested on the
assumption that gy = 1. The small deviation of gy from 1 (see Sect. 5.1 ) is
experimentally well established and is understood as being due to the presence
of a strangeness-changing component in the weak hadronic current. This will

T
n, (
= | + X t...
\ N
A

Figure 5.1: Feynman diagrams illustrating the possible renormalization of the
vector coupling constant gy due to strong interactions. The broken lines illus-
trate the exchange of strongly interacting pions, the wavy line the intermediate
boson of the weak interactions W~
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be discussed in detail in Chap. 12. Since this is not essential for the discussion
here, we neglect it for the moment.

In conclusion, we should note that we have found a connection between an
invariance property of the strong interaction (isospin symmetry) and the weak-
interaction decay process. Via the CVC hypothesis properties of weak decays,
which themselves do not conserve isospin, can be used to deduce that isospin is
conserved in the strong interaction.

It is also essential to realize that the conserved vector current is intimately
connected with the electromagnetic current. The latter contains an isoscalar
and an isovector part (Q = 1B+T3). An SU(2) transformation of the isovector
part generates just the conserved vector current of the weak interactions. This
is a first hint that the weak and the electromagnetic interaction are related to

each other.

5.2.2 Axial Vector Current Conservation

For the axial current, the coupling constant ga is not equal to 1, so that Gg-ga is
larger than that for purely leptonic decays. However, ga is still reasonably close
to 1. This could be the consequence of an approximate symmetry of the strong
interaction that — if it were exact — leads to axial vector current conservation,
in analogy to the arguments in the last section. The fact that ga #* 1 shows
that this symmetry must be broken in nature so that the axial vector current is
only partially conserved.

A very good estimate for the strength of this symmetry breaking can be
obtained by studying the weak decay of the pion,

T = U+

The matrix element that describes this decay in a time-dependent perturbation
theory is given by

(fIHeg|i) = (uv|Heg|m) (5.19)

where |7) is the initial one-pion state and |u7) denotes the final state after the
decay. Heg is the relevant effective interaction Hamiltonian density

where J again denotes the hadron and j the lepton current. Inserting this into
(5.19) gives

el = = ZE O ) sl 0
 4Gr e, 1
= - g -l . (65:20)

In this transition matrix element only the axial vector part Ay of J ;r can con-
tribute because of the pseudoscalar nature of the pion.
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Since the explicit form of Ay is not known, we will try to deduce the general
structure of the matrix element from quite general symmetry considerations.
First, the requirement of Lorentz covariance of the decay rate demands that the
matrix element of A, transforms as a four-vector. Since the only four-vector
that can appear in the problem is the momentum of the pion, k, we have

OF 1) =~ 5oa (045 (x)I)
1

1 -~
= gAY frky e
+ 59al Jrkx T

Here the upper indices on A and 7 specify the isospin degree of freedom and kj
the pion momentum, while f is a proportionality constant, the so-called “pion
decay constant”. This is related to the half-life of the pion and is experimentally
determined to fr ~ 93 MeV. The factor 1/4/2E,V appears in the normal mode
expansion of the pion field and is a consequence of its normalization.

The appearance of the plane wave function in (5.21) is a consequence of
translational invariance. If |0) and |7) are eigenstates of the four-momentum
operator p,, with momenta 0 and k,,, respectively, then we have in general

e kT (5.21)

(0 Ax(@)|m) = (0] Ax(0)|m)e ™" . (5.22)

This follows from a relativistic generalization of the Heisenberg equation of
motion

[Pus Ax(@)] = =10, Ax . (5.23)

Here the p, are the Hilbert space operators for the four-momentum of the
field. Equation (5.23) follows from the translational transformation of the field
operator Ay(z)

Ax(0) = e P A (2)e ™ = Ay (x) — i [z,p", Ax(@)]
On the other hand, we also have by direct Taylor expansion,
A)\(O) = A,\(QE) — CL‘N(?“A,\(:E)

Comparing the last two expressions for Ay (0) yields relation (5.23). Taking the
matrix element of (5.23) gives

(O0lpAr (@) — Ax(@)p,|m) = —i0, (0] Ax(@)|m) . (5.24n)

Since |0) and |7) are supposed to be eigenstates of p,, with eigenvalues 0 and k,
we get

k{0 Ar(@)]m) = 10, (0] Ax(@)lm) (5.24)

Integrating (5.24b) gives (5.22) and thus explains the exponential function in
(5.21).
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In order to bring (5.21) into the form of a conservation law, the four-
divergence of (5.21) is taken. We obtain

i j ij 1 —ikz

OO L@ = =8k e

1 ik
—e ' 5.25
VEVS (5-25)

ij 2
= —6Yfami
since
A 2 122
k*kx =E; —k*=m;

Equation (5.25) shows that the axial current is not conserved. Its divergence
differs from zero just by a term proportional to the square of the pion mass.
On the other hand, the mass of the pion (m, = 140 MeV) is small on the
normal hadronic mass scale (My = 1 GeV); this explains the observed partial
conservation of the axial current (PCAC).

5.3 Chiral Symmetry Group

The question now arises as to which symmetry of the Lagrange density of the
strong interaction determines the observed partial conservation of the axial vec-
tor current. It is the purpose of this section to find and discuss the properties of
this symmetry, the so-called “chiral symmetry”, first for the fermions and then
for the mesons.

5.3.1 Chiral Symmetry Transformations for the Fermions

By construction of the conserved currents it is easy to see that the axial current
for the nucleons,

k

— T
Al = Ny N+ , (5.26)

is conserved if the strong interaction is invariant under the transformation

U=eMmEn (5.27)

where T acts on the nucleon spinors and 7 is a constant isovector.

From the discussions of chirality in appendix A.2, it is clear that the La-
grangian of a system of massless fermions indeed has this symmetry. Of course,
since real nucleons are massive there is still a difficulty in understanding the
observed PCAC.

The solution to this puzzle lies in the observation that the physical states of
a system need not necessarily have the same symmetry as the Lagrangian. We
will illustrate the consequences of this fact with a simple, but very important
model, the o-model, in Sect. 6.2.2. In this chapter, however, we will try to
explore some more general properties of the two conserved currents (CVC and
PCAC), and especially investigate the underlying symmetry group.
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The comparison of the chiral transformations (5.27) with the SU(2) isospin
transformations (3.27) shows that also the set of transformations (5.27) forms an
SU(2) symmetry group since the extra factor 5 acts only on the Dirac spinor.
Because of the related conserved currents we will in the following distinguish
the two transformations by denoting (3.27) as SU(2)y and (5.27) as SU(2)a.

According to Noether’s theorem, discussed in Sect. 2.2.2, the conserved cur-
rents corresponding to the SU(2)y and the SU(2)s symmetry are the vector
current,

T
VM:\IW#?\I/ , (5.28)

and the axial vector current,
E_ T
Ay =Ty 5T, (5.29)

respectively. Here W denotes a two-component isospinor. The conserved charges
and generators of the symmetry groups are then

k
Qk = /Vokd?’a: = /\IJT%\IJ 3z (5.30)
k
ok = /Agd%:/\Iﬁ%%\Il Pr . (5.31)

The vector charges @, are scalars but the axial charges @, are pseudoscalars
because they involve 5. Both can be obtained from the combined transforma-
tion

U=eiEM)-E (5.32)
One can now generate an algebra from the charges Qv and @, and finds

[QV.Qv] = i""Qy

[QV, Q)] = "™ QR (5.33)
QK. Q4] = i"mQy,
where €/ are the elements of the completely antisymmetric Levi-Civita tensor,

which are just the structure constants of SU(2).
These commutation relations (5.33) can be decoupled by defining linear com-
binations of the generators

Qh = 5(Qb+ak)

Qb = 5(Qb-ak) (534
with the following properties:

[Qr Qr] = i€""QR

[QL.QL] = iy (5.35)

Q. @z] = 0
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Thus, the operators QF and Q% (k = 1,2,3) are the generators of two separate
SU(2) groups, SU(2);, and SU(2)r, which commute with each other. Their
combined symmetry group is, therefore, the cartesian product SU(2)g x SU(2)r,
which is called the chiral symmetry group. Its representations can be labeled
by giving the eigenvalues of Qi and Q%.

In parallel to the transition from @, Q+ to the commuting generators Q;,,
Qg a chiral symmetry transformation (5.32) can thus be expressed in terms of
the commuting matrices 71, T via

. T T
—i|(e=m)- Trre+m) TR
Uoe [ETVEFED=] (5.36a)

1 1
TL = 5(1 —Y)T ; TR= 5(1 +95)7T (5.36b)

where 71, and T obey the commutation relations (5.35). Consequently, if ¥y,
and Ug are basis vectors of each the two SU(2) transformations SU(2);, and
SU(2)r (see App. A.2) then they transform as
. . Tr,
Upr — Ugp = e_l(ejm)%‘I’R,L = e_l(ein).%\yR,L =UgrLYRL
(5.37)

where the upper sign belongs to the spinor ¥ and the lower sign to the spinor
Uy,

The meaning of the indices L and R becomes clear when we note that in
the case of massless fermions (appendix A.2) the transformations generated
by Q. (~ (1 —v5)) act only on left-handed particles, whereas the elements of
SU2)r (Qr ~ (14 5)) transform only right-handed particles.

A very important case, which will be discussed later in this chapter, is when
the full chiral SU(2)1, x SU(2)g symmetry is broken in the physical states of
the system so that only a normal SU(2) isospin symmetry (= SU(2)vy) survives;
this latter is a subgroup of the full SU(2)r x SU(2)y,. In this case the physical
particles belong to SU(2)y multiplets rather than to multiplets of the full group.
In the fermionic sector this is the case for all the massive baryons that belong
to isospin multiplets and cannot be classified via their handedness.

5.3.2 Chiral Symmetry Transformations for the Mesons

Since the Lagrangians that we will be concerned with often contain fermions
and mesons, it is necessary to know also the transformation properties of the
meson fields under chiral symmetry transformations.

In order to find these properties, we first consider a (2 x 2) dimensional
isospin matrix of the form

W is chosen such that it contains both left- and right-handed parts.
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Since we have expressed this matrix as a dyadic product of two-dimensional
spinors, we can easily write down its transformation properties under the chiral
Symmetry group

W W = UWUL
— e—i(E—n)%WeJri(eH?)% ; (5.39)
with Up g from (5.37). Because of its special form (5.38) this transformation
contains both vector and axial vector parts.

Since W is a matrix of dimension (2 x 2) in the isospin degrees of freedom,
obtained from two isospin-1/2 objects, it can in general be expanded as a su-
perposition of the two-dimensional unit matrix and the three Pauli-matrices
Ti

W=oc+ir-m , (5.40)
where ¢ and 7 are isoscalar and isovector fields, respectively. For infinitesimal
€ and 7 the general transformation (5.39) then reads

W= W—ie- [%,W}Hn-{g,w}

= W-—ie- [Z,iW'T} +in-{%,a+iﬂ'-‘r}

2
= WHir-(exm)+i(n-7)co—n-x
= o +ir-o . (5.41)

Even though this transformation has been obtained here for a W constructed
from fermion fields it must also hold for any mesonic W of the form (5.40) whose
change under a chiral transformation is given by (5.39).
For a pure isospin transformation, which follows for 7 = 0, we find the
following transformed fields:
o = o
/

= mwHexmw . (5.42)

This shows that indeed 7 transforms as a vector under SU(2)y (see (3.30)),
whereas ¢ remains invariant.

For € = 0, on the other hand, which corresponds to the axial transformation
SU(2)a, we have

/
o = o—-1n-w

' = wm+no. (5.43)

Equation (5.43) reads in vector form

0 . 0 i s
()= 2 ) (7) - ”»
If a meson Lagrangian is invariant under this transformation then the conserved

current is given by

Aﬁ = o0, " —*9,0 . (5.45)
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Here 7% is the k-th component of the isovector 7. The conserved charges thus
are

Qk = / (07" —7*6) d®z . (5.46)

They are the analogues of (5.31) in the mesonic vector. Together with the
usual vector charges for the isospin-triplet 7 and the singlet o, they obey the
commutation relations (5.33).

The transformations (5.43) and (5.42) conserve the Euclidean norm of the
four-component vector (, o) since one has

o 4w =WW =047 . (5.47)

This property reflects the fact that the chiral symmetry group has the same
algebra as the group of rotations in four-dimensional Euclidean space, SO(4).

In all the preceding discussions, the four fields 7« and ¢ have been assumed
to form an SU(2) x SU(2) multiplet. These four mesons should thus have the
same mass. In nature, however, for the mesons the full symmetry is also broken
to the pure isospin symmetry, as we can conclude from the absence of a scalar
particle with the same mass as the pion. We therefore have three pion fields
with equal mass forming an isospin triplet, and an isoscalar field o with a mass
different from that of the pions. While the three pions forming the triplet are
indeed known at a mass of about 135 MeV for the neutral pion and 139 MeV
for the two charged ones, the ¢ meson has so far not been unequivocally been
identified. Sometimes it is related to a very broad, scalar resonance with a mass
of about 750 MeV sometimes observed in m — 7 scattering.

Analogous transformations can also be obtained for the vector mesons, by
starting out from a Lorentz-vector object instead of the Lorentz-scalar W in
(5.38). The roles of the pseudoscalar, isovector m and the scalar, isoscalar o are
now being played by the vector, isovector p and the axial vector, isovector a;
mesons.



Chapter 6

Spontaneous (zlobal
Symmetry Breaking

The preceding chapter has shown how the observed partial conservation of the
axial isospin current can be understood as the consequence of the approximate
chiral symmetry of the strong interaction Lagrangian. A problem that has
been ignored so far, however, is the nonzero mass of the nucleons so that their
Lagrangian is at first sight clearly not chirally invariant. A way out of this
dilemma is offered by making a careful distinction between the symmetries of the
Lagrangian and those of the actual state of the physical system. The discussion
of the consequences of this distinction is the purpose of this chapter.

6.1 Goldstone Theorem

In every case discussed so far, in which invariance of the Lagrangian under a
continuous symmetry has led to the conservation of a charge, the vacuum of the
theory possessed the same symmetry, so that

e ) =0) — Qo)=0 , (6.1)

where () is a generator of the symmetry group under consideration. It has
become customary to call this realization of the symmetry the “Wigner mode”.
Here, as in the following considerations, we define as vacuum |0) that state of
the system for which

(0|H|0) = min . (6.2)

In the following we will now consider the case that £ is invariant under a
certain symmetry operation, but |0) is not. The standard classical example
for this situation is that of the ferromagnet. The spin-spin interactions in this
system are, clearly, rotationally invariant, but below the Curie temperature the
actual ground-state of the ferromagnet, in which all spins point in one direc-
tion, is not. Thus the rotational symmetry of the Hamiltonian of the system is

81
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“spontaneously” broken down to cylindrical symmetry in which one direction
is marked by the direction of the magnetization. There are actually infinitely
many other ground states in which all the spins point together into different
directions; all of these states are degenerate in energy. In a finite system, one
of these degenerate configurations would tunnel through to the other configura-
tions, so that the true groundstate of the finite ferromagnet would be a linear
superposition of the degenerate states. In an infinite system, however, this tun-
neling cannot take place because the potential barriers between the different
configurations get infinitely large; the different groundstates and the excita-
tions on top of them are thus completely decoupled, and they form different
Hilbert spaces. Each of these groundstates is not rotationally symmetric and
the groundstate expectation value of the total spin, i.e. the generator of the
spatial rotation, does not vanish. However, all these groundstates have, in the
absence of any external fields, exactly the same energy.

Exactly the same situation holds in quantum field theories. If the vacuum is
not invariant under the symmetry operation characterized by the generator Q,
then the symmetry operation applied to the vacuum reaches new states so that

Qo) #0 . (6.3)

Since @ commutes with H the state Q|0) has, nevertheless, the same energy as
the original vacuum state |0); we, therefore, have many degenerate ground states
of the theory. In this case one speaks of a “hidden” symmetry or of a realization
of the symmetry in the “Goldstone mode”. Indeed, @Q|0) would be a state in
the other “domains” that do not belong to the Hilbert space of physical states
built on |0) and to which, therefore, tunneling cannot occur. In the following
subsection we will now discuss the physical consequences of a hidden symmetry.

6.1.1 Goldstone Bosons

We now consider a Lagrangian with a continuous symmetry. According to
Noether’s theorem there is then a conserved current

"5, =0. (6.4)

Normally this implies immediately the existence of a conserved charge

Q= /dgz Jo(z) . (6.5)

We now suppose that the vacuum is not invariant under the symmetry trans-
formation. In this case, i.e. if Q|0) # 0, the new state Q|0) actually has infinite
norm since

0QQD) = [ 2 0b(2)Q0) = [ @z OOQ) ~oc:  (60)

here the second equality holds because of translational invariance of the vacuum.
The divergence of the norm is caused by the infinite integration in (6.6). Thus
also the operator ) is not well defined in this case.
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We circumvent this problem by considering only the commutator of jp with
another field operator O that is not invariant under the symmetry operation
generated by @

ljo(z), O(y)] # 0 (6.7)
and integrate later. Combining now current conservation (6.4) with (6.7) gives
9° [jo(z), O(y)] = ~0" [ji(x), O(y)] (6.8)
and, after integration,
0 3 )
g | 4= 0lLo(), OW)I10)
=~ @ 0[¢j@.ow]0) - (6.9)

The volume integral on the rhs of (6.9) can be converted into a surface integral
(by Gauss’s law). Since j and O are local operators and the separation between
a point x on the surface and y can be made arbitrarily large by choosing a large
enough volume, the commutator vanishes. Then

2 [ @t 0] lo(), 0w 0) =0 (6.10)
o

Thus the nonvanishing vacuum expectation value of the commutator (6.7) is
independent of the time xg.

It can now be further evaluated by inserting a complete set of free states
between the operators jo and O:

[ @ 0llin@).0w)0) (6.11)
= /dng {010 () n) {n|O(y)|0) = (0[O(y)|n) {n|jo(«)|0)]
Using now relation (5.22) for the matrix elements involving jy in (6.11), we have
[ Ol 010 = [ 3 OOl 0w/
— (0l0(y)[n) (n]jo(0)|0)e*Pm] .
The spatial integration on the right hand side can now be performed. It yields
/d%«mwu»owmm
= (2m) Z 6% (Bn) [(0150(0)[n) (n|O(y)[0)e ™m0

= (0l0()[n)(nljo(0)[0)e* ]
= const#0 . (6.12)
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The é-function in (6.12) limits the states [n) to those with vanishing momen-
tum p, = 0 and thus to states with E,, = m,. These states have a harmonic
time-dependence. Since, however, the whole expression (6.12) has to be time-
independent, the matrix elements of jy for all massive states have to vanish

(0]70(0)|n) =0 for m, #0 . (6.13)

Since, furthermore, the expression (6.12) is not equal to zero, there must be
states in the sum for which m,, = 0 and (0|jo|n){n|O(y)|0) # 0.

The existence of a nonvanishing vacuum expectation value of a generator of
a symmetry group thus leads necessarily to the existence of massless particles.
These carry the quantum numbers of the generator, since in (6.12) (0[jo|n) can
be nonvanishing only if the quantum numbers of |n) agree with those of j,|0),
i.e. if the corresponding quanta carry the quantum numbers of jy. Since j, can
be either a vector or an axial-vector current, jo carries zero internal angular
momentum; the related massless particles are consequently scalar bosons. The
existence of these massless “Goldstone-bosons” , whenever a symmetry is realized
in the Goldstone mode, is the essence of the Goldstone theorem.

In the following we will now illustrate how one can use experimental in-
formation to obtain knowledge of the mode in which a symmetry is realized.
To facilitate the arguments we assume that the axial vector current is strictly
conserved by the strong interactions

AN =0, (6.14)

so that the axial charges Q’X are constants of motion and therefore commute
with the strong interaction Hamiltonian

[Ht, @a] =0 . (6.15)

This means that with any physical hadron state |h), Qa|h) is also an eigenstate
of Hst

Hg|h) My|h)
Ha(Qalh)) = QaHg|h) = Mn(Qalh)) . (6.16)

Equation (6.16) shows that Q4 |h) is an eigenstate of Hg with the same mass
as the original hadron. Since A, is an axial vector, Qa|h) has negative internal
parity. Equation (6.16), therefore, predicts that with every hadron state there
exists also another state with the same mass but different parity. This prediction
is clearly in contradiction to experiment.!

The only way out of this glaring contradiction is to postulate the existence
of massless, pseudoscalar bosons 7 that form continuum states with the hadrons
such as |hr). There actually exist such particles, namely the physical pions with
their, although nonzero, on a hadronic scale very small mass. Their existence,

1The same operations as above with the isospin vector charge Qv would have yielded
states with the same parity belonging to the original isospin multiplet, in agreement with
experiment.
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together with the observed partial axial vector current conservation, is an in-
dication that in nature the chiral symmetry is realized in the Goldstone mode
and not in the Wigner mode. That the pion mass is not exactly zero is related
to the experimental fact that the axial current is only partially conserved. This
relation has been discussed in Sect. 5.2.2 where it was shown that the square of
the pion mass is directly connected to the nonconservation of the axial current
(see (5.25)), thus supporting the identification of the pion as a Goldstone boson.

6.2 Examples of the Goldstone Mechanism
6.2.1 Spontaneous Breaking of a Global Non-Abelian Sym-
metry

As an explicit example for the consequences of the Goldstone theorem we con-
sider here first a theory that involves only two complex scalar boson fields ¢;
and ¢9 that form an SU(2)-doublet

¢ = ( z; ) . (6.17)

The model Lagrangian is given by

L= (007) (Dubr) + (0"63) (Dude) — V (|1 + [62]?)
(0#07) (8u0) = V (¢'0) (6.18)
with
V(610) = gutslo 45X (610)° (6.19)

Here, in order to ensure the stability of the vacuum of the theory, we require
A2 > 0; in this case the total energy is bounded from below.

For p? > 0 this Lagrangian describes a system of interacting particles with
mass p/ V2. The energetically lowest state of this theory, i.e. the groundstate
or vacuum, is the space-time independent state with ¢ = 0. This state exhibits
all the symmetries (U(1) ® SU(2)) of the Lagrangian.

On the other hand, if we choose p? < 0, then the minimum of the potential
is given by V/0¢" = 0

1)2

2

2
w
= (6.20)

N =

(¢T¢)O = (|¢’1|2 + |¢2|2)0 ==

(notice that ¢ = 0 is still a stationary point). In this case the vacuum state
is infinitely degenerate; all the states that lie on a circle in the (¢1, ¢2) plane
with radius v/v/2 fulfill (6.20). All these degenerate states are connected by
an SU(2) transformation because SU(2) is a unitary transformation and thus
conserves the norm.
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The Lagrangian £ of (6.18) is invariant under a global U(1) transformation
as well as under a global SU(2) transformation acting on the doublet ¢. At the
minimum (6.20) we can, therefore, choose ¢ in the following form

(0[8]0) = ¢o = ( 0/3/5 ) (6.21)

with v = |u|/|A]. To set the first component to zero is possible by a proper choice
of the coordinate system or — in other words — by an SU(2) transformation;
note here that the vacuum field, that minimizes the energy of the system, is
z-independent. v can be chosen to be real by exploiting the U (1)-symmetry.

The Goldstone theorem discussed in Sect. 6.1 predicts that massless Gold-
stone bosons appear whenever the vacuum is not annihilated by a generator of
the symmetry group under which £ is invariant. In the present case, the full
symmetry group of the Lagrangian is

G=U(1)®SU(2) (6.22)

and thus contains four generators.? While the vacuum state (6.21) is still U(1)
invariant, it is not invariant under an SU(2) transformation. More specifically,
it is not annihilated by 71 /2, 72/2 and (1 —73)/2; (1+ 73)/2, on the other hand,
does annihilate (6.21). In the vacuum state the full symmetry group G is thus
spontaneously broken down to

U = e—isq _ e—is(1+7'3)/2 (623)

which corresponds to a normal Abelian U(1) symmetry; U leaves the vacuum
(6.21) invariant. From the discussion in Sect. 6.1 we expect to find three massless
Goldstone bosons in our theory and one massive boson (compare the discussion
of the linear o-model in Sect. 6.2.2).

This expectation is borne out by an explicit expansion of £ around the
vacuum point

L= ("¢ (0u0") = V (¢, 60), (6.24)
with

¢ =¢— oo
and thus

Vgho0) = +5i 0 +) (90+9)
A2 2
+ 5 (@0 + )" (60 + )]
A2 2
=+ 50009+ 5 (0h + 90 + 6T + i)

-+ const

2Note that the theory also contains four fields since ¢1 and ¢2 are complex.
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‘We now set

1 1 +ip2 >
I ; 6.25
¢ V2 ( Y3 + 14 ( )

and rewrite V in terms of the real fields ¢;

2

1 A
V(g 60) = + 717 (9T + 95 + 95+ 01) + 5 () FO(p]) +const .(6.26)

There are no terms linear in ¢’ because we have effectively expanded V around
its minimum ¢g. The dotted expression in parentheses gives up to terms
quadratic in ¢’

2
() = (ol¢) +(@"00)" +2 (') (¢60) +
+2(¢''¢) ¢} o + interaction terms + const

v, 2 v, 2 v, 2
= I(903_904)+Z(903_<P4)+§(903+<P4)
2
v
+3 (¢ + 93 + 5 + 1) + O(¢7) + const
Summing all terms we obtain with v2A\? = —p?
12
V(g) = — 7<p§ + O(¢?) + const . (6.27)

We now recall that the coefficient of the term ~ ¢? is just the mass. Since
u? < 0 we therefore see that the field 3 has become massive; this is just the
field that points into the same ‘direction’ in SU(2) space as the vacuum state
(compare (6.21) and (6.25)). The three other fields are all massless. This result
is obviously in agreement with our earlier expectations based on the Goldstone
theorem.

Expressed in terms of the field ¢; the Lagrangian (6.24) is no longer mani-
festly SU(2) invariant; the SU(2) invariance of (6.18) is now hidden.

6.2.2 o-Model

A well known model, which exhibits two important symmetries of strong inter-
actions (chiral symmetry and SU(2)) and serves as an example for spontaneous
symmetry breaking both in particle and nuclear physics, is the so-called “o-
model”. It is the purpose of this chapter to discuss its Lagrangian and to
demonstrate the symmetry breaking and its consequences for the particle spec-
trum of this model.

Lagrangian and Symmetries of the Linear c-Model

The model describes the interaction of massless fermions with pseudoscalar 7-
and scalar o-mesons. Its Lagrangian is given by

L = Uiytd, ¥ — g¥(o +iysT-m)¥
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1 1 1
+5 (0,m)° + 5 (8,0)° — b (7 +0%)

1
N (@)t (6.28)

The first term describes massless, free fermions, the second their linear coupling
to the fields o and 7, whereas the third and fourth terms give the kinetic energy
of the 7r- and o-field and the fifth term their mass, assumed to be equal for both
mesons. The last term contains the nonlinear meson interaction, which is the
important ingredient responsible for the spontaneous breaking of the symmetry
in this model, as we will see later. For the theory to have a stable ground state
we must obviously have A\? > 0, since otherwise the potential energy would not
be bounded from below.

The field ¥ represents an SU(2)y isospin doublet, 7 an isovector (SU(2)v
triplet) and o a SU(2)y singlet field. With respect to the total SU(2) ® SU(2)
chiral symmetry group, the o and 7 fields form the meson quadruplet and thus
transform as discussed in Sect. 5.3.2.

For later interpretations it is useful to point out that the mass and interaction
terms in (6.28) can also be written as

V(ie,w) = %/ﬁ (7% +0%) + i/\2 (m% + 02)2
= i)\Q (7% + 0% — f2)2 + const (6.29)

with f2 = —pu?/\2.

In the following discussion, we will treat the Lagrangian (6.28) in the semi-
classical or mean-field approximation, which means that we replace the field
operators for the o and 7 field by their expectation values. These then behave
as classical fields.

Vector SU(2) Invariance of L.

The first manifest symmetry of £ is that of SU(2)y invariance. Thus L is
invariant under the “vector SU(2) transformation”

[ — it t— L
e ) 5

The corresponding field changes are (see (5.42))
T
00 = —ie- =0T
e 5
om = exm, do=0 . (6.30)
As a consequence of the SU(2)y invariance, the isospin vector current
— T . Ta
V,(z) = ‘I/”YuE‘I’ — 0,70 52 mp (6.31)

is conserved.
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Axial SU(2) Invariance of L.

The Lagrangian (6.28) is also invariant under the “axial SU(2)a transformation”
(5.27, 5.43). Tts generators are given by (5.31) and (5.46) for the fermion and
meson sectors, respectively. The corresponding field changes are (see (5.27),
(5.43))

o = —in- %75\11
. T = . = T
SUT = +in- \IJT75§ — 00 =0Ty = —in- \11755 ;
dm = mno ; do=-mn-m . (6.32)

The kinetic energy of the fermions is obviously invariant under this transfor-
mation. The same holds for all the other terms as will be shown now term by
term.

The change of the meson kinetic energy is

5 [(0um)? + (040)?] = 2[(Bm) - (9457) + (Do) (6]
= 2[(9,7) - (n0"0) — (Bu0) (- I"m) =0 . (6.332)

Analogously, it is easy to see also that the interaction term between the - and
the o-field as well as the meson mass term is invariant under the transformation
(6.32). The fact that o2 + 7?2 is invariant illustrates that the transformation
(6.32) belongs to the group of rotations in the four-dimensional Euclidean space
in which (7, 0) is a vector (see discussion in 5.3.2).

The invariance of the fermion-meson interaction is easiest to see by rewriting
it in terms of the fields ¥y, ¥ and W (see (A.41), (A.42), (5.38)). We obtain
with

TRy = UP, PRV = 0 (6.33D)

where Pp, and PR are the projection operators for lefthanded and righthanded
fermions, respectively, for the interaction

V(o +iyT -m)¥ = Ugr(o+ir m)¥y + V(o —iT-m)¥g
TRWUL + U Wiog . (6.34b)

Using the transformation property (5.39) for W and (5.37) for the ¥ fields
shows directly the invariance of this interaction term.

Thus £ (see (6.28)) is indeed invariant under the transformation (6.32).
Connected with this invariance is the conserved current (see (5.29), (5.45))

A, = ‘I’%L%g‘l’ + (007 — woyo) . (6.35)

This conserved current is an axial vector.
Finally it is worthwhile mentioning explicitly that £ does not contain a
fermion mass term. Such a term would indeed violate the invariance of the
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Lagrangian under the chiral transformation SU(2)s (5.27)
S(UU) = (§9)0 + W5W
- —15@7%\1/ - 15@57& £0 . (6.36)

The invariance of £ under chiral transformations, therefore, holds only for mass-
less fermions, as already discussed at the start of Sect. 5.3.1.

Particle Spectrum of the Linear o-Model

For 12 > 0 the meson potential energy has a minimum at w2 + 02 = 0 and the
corresponding ground state is

Ovac = 0 ) Tvac = 0 . (637)

Using (6.32) gives 07 = do = 0. This shows that the vacuum state of the theory
itself is SU(2) ® SU(2)-invariant. Thus the chiral symmetry here is manifest; it
is realized in the Wigner mode.

Since the vacuum expectation values vanish in the mean field approximation,
the particle masses can be read off from the terms quadratic in the fields in the
Lagrangian. One sees that in this case (u? > 0) the linear o-model describes
two massless fermions coupled in a chirally invariant way to the massive mesons
o and 7 which have the same mass u. This mass degeneracy reflects that all
four mesons belong to the same SU(2) ® SU(2) multiplet. For the fermions the
helicity is conserved separately for both the left-handed and the right-handed
fermions; there are, therefore, two sorts of distinguishable, massless fermions.

If the isospin-doublet ¥ is assumed to describe the nucleon, then this sit-
uation is obviously unphysical, since nucleons are massive; furthermore, there
exists no scalar partner to the pseudoscalar pion with the same mass.

In the following we will, therefore, consider the case u?> < 0. Now the
potential has no longer a minimum at 72 + ¢ = 0, but has instead the form
shown in Fig. 6.1 (with A2 > 0 required by overall stability). The minimum
now lies in a ring at w2 + 02 = f2 as can be seen most easily from (6.29). The
ground state of the theory is thus given by

2
Tvac = 0 ; Ovac = f = +4/ —% = const. (6.38)

The vanishing expectation value of the pion field is necessary to obtain a vacuum
state with positive parity, whereas the choice of the sign in oy, is arbitrary.

In contrast to the case y? > 0, we now have a vacuum which is not itself
invariant under the SU(2)4 transformation (6.32) because

O = Novac = Nf; bo=0 . (6.39)

Therefore the chiral symmetry is said to be spontaneously broken in the ground
state and thus realized in the Goldstone mode. Although the ground state is
no longer SU(2) invariant, note that the axial current (6.35) and therefore the
charges are still conserved, since £ is invariant under the transformation.
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Figure 6.1: Illustration of the “Mexican hat” potential of (6.29) for u? < 0

That the charges indeed annihilate the vacuum in this case, as presupposed
by the Goldstone theorem, becomes apparent if we look at the usual operator
relations for the conserved charges already well known from the considerations
in Chap. 3. We know that the conserved charges corresponding to the current
(6.35)

Q\ = /\IIT%%\IIde + / (00 — w0so) d3x (6.40)

are the Hilbert-space generators of the chiral symmetry. Thus the equivalent of
(6.32) for the meson fields is in operator form

[Qh, 7] = —idijo (6.41)

and can be verified using the commutation relations for meson fields. Taking
the vacuum expectation value of this relation gives

(0] [@4. 7] 0) = ~i{0lo]0) #0 . (6.42)

The vacuum expectation value of the commutator does not vanish, so that we
must have

QWO A0 (i=1,23) . (6.43)

Thus the condition for the Goldstone theorem to hold is fulfilled.

The massless Goldstone bosons predicted by this general theorem can now
indeed be identified by determining the particle spectrum of the o-model. For
this purpose the Lagrangian is expanded around its true vacuum state (6.38),
since the point 72 + o2 = 0 is now a maximum of the energy and thus no longer
stable. By setting

o=f+0o
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we obtain
L = Uiyt V¥ — gU(f + o' + iyt m)¥
1 1 1
+ 5 (8#77)2 + 5 (8#0'/)2 _ §,U2 (772 _|_O_/2 + 2fa_/ + f2)

1
_ Z/\2 (m?+0” +2f0' + f2)2

= 0 ("0, —gf) ¥ — igUrysT - W
1 1 _
+3 (8,m)% + 3 (0,0")* + p?0” — glo’ U

— N fo' (n? +07) - i/\2 (m%+ 0’2)2 + const. (6.44)

The chiral symmetry of the original Lagrangian is now hidden since £ considered
as a functional of 7w and ¢’ is no longer chirally invariant; only the SU(2)vy
isospin symmetry is still manifestly present.

The particle spectrum after this spontaneous symmetry breaking can be read
off from (6.44). First we note that the fermion has acquired a mass m = gf. The
o-meson mass, on the other hand, is now m, = y/—2u2 and the pion finally ap-
pears as the Goldstone boson with mass zero. The appearance of three massless
Goldstone bosons (the pions form an isospin triplet) follows because three of the
original symmetries (generated by Q%,i = 1,2,3) are spontaneously broken in
the vacuum state (see (6.43)). The two meson masses agree qualitatively with
what is seen in nature where the pseudoscalar pion being the lightest hadron
has a strikingly low mass and the o-meson is probably located at a few hundred
MeV (in the PDG listing it is called f,(600)) and thus very broad because it
can decay into 2 pions due to the corresponding coupling term in the last line
of (6.44).

The mass of the o-meson in the Goldstone mode is directly related to the
restoring force for small oscillations about the new minimum o = f,7 = 0.
One obtains by Taylor-expanding the potential V (o, 7) (see (6.29)) around this
minimum

1 0%V

V(o,0) = const. + 3 907 |,

= const. + A f20"? + O(c"?)
= const. — p?0” + O(c”®)

(o= f)*+0("?)

1
> const. + Emfra’z +0(0"?) . (6.45)

Analogously, the pion mass vanishes because V (o, 7) has no restoring force when
going from the vacuum configuration with 7w =0 to & # 0.

This particle spectrum with massive fermions and pseudoscalar mesons with
vanishing mass is very close to the one realized in nature. Together with the
observed PCAC, this shows again that the chiral SU(2) ® SU(2) symmetry is
realized in nature in the Goldstone mode. The explicit example of the o-model
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demonstrates a mechanism by which the axial current can be conserved in the
presence of massive fermions.

Massive Pions

In the model considered so far the pions are massless because an exact SU(2) ®
SU(2) symmetry of the original Lagrangian (6.28) has been assumed. The
experimentally observed small, but non zero, mass of the pion can be generated
in this model by adding a term £’ to the Lagrangian (6.28) that breaks the
chiral symmetry explicitly

L' =+Bc  (3>0) (6.46)

with constant 3. This term specifies a direction in the (7, o) space and thus
breaks the SU(2) ® SU(2) invariance. With this symmetrybreaking term the
axial vector current is no longer conserved, neither in the Goldstone nor in the
Wigner mode.

For ;2 < 0 the minimum of the potential lies now at @ = 0 and o = f’; the
latter is obtained as a solution of the equation

B=Af(f2 = 1)

In a straightforward generalization of the results obtained before the nucleon
mass is now

m=gf . (6.47)
If we expand the potential energy of the meson fields around this new mini-
mum we obtain, with o = f/ + o/,

V(o,m) = 1A2(f'2 — A+ %/\2(3]‘"2 — 0" + Uine (0, 7) (6.48)

2

where Uy contains higher order interactions of ¢’ and . The meson masses
can be read off directly from (6.48):

mi o= N(fP- =

m2 = N(3f%-f?) . (6.49b)

o

(6.49a)

Equation (6.49a) shows that the pion has now acquired a mass that is directly
proportional to the explicit symmetry breaking strength £ in (6.46). The pion
mass reflects the fact that now any excitation along the pion degree of freedom
costs any energy because of the tilt in the potential (see Fig. 6.2).

Connected with this result is that the axial vector current is no longer con-
served. The change of £’ under a chiral transformation is given by

0L = +péc=—pn =
whereas that of the total Lagrangian is (see (2.53))
S(L+L)=n-0"A,
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Figure 6.2: Illustration of the tilted “Mexican hat” of (6.48) for u? < 0

Since L is invariant, one obtains with 6£ =0
MA, =—fr . (6.50)

The axial current conservation is thus violated just by a term proportional to
the mass of the pion field. Inserting (6.49a) into (6.50), we obtain

A, =—fmim . (6.51)

Equation (6.51) constitutes the so-called PCAC (Partially Conserved Axial Cur-
rent) hypothesis by which — independently of the present model — the divergence
of the axial current is linked to the square of the pion mass and vanishes in the
limit m2 — 0. It can be used to define a pion field operator in terms of the
divergence of the axial current.

Comparison with the transition matrix element for pion decay (5.25) shows
that f* = fr. This identification, together with (6.47), yields the remarkable
relation

m=gfr , (6.52)

which links the nucleon mass to the pion decay constant. It is remarkable
because it connects the mass of a strongly interacting particle, the nucleon,
to the strength of the weak decay of the pion. The coupling constant g in
relation (6.52) is that between pions and nucleons; it is empirically known to
be g%/4m ~ 14. The pion decay constant has the value f, = 93 MeV; relation
(6.52) is then fulfilled only to about 30 per cent. If, however, quantum effects
are taken into account then instead of (6.52) the so-called Goldberger—Treiman
relation

mga = gfx

is obtained, which is empirically fulfilled within an accuracy of about 10 per
cent [ITZ85].
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Nonlinear c-Model

The o-field that appears in the Lagrangian (6.28) describes a scalar meson with
a typical mesonic mass of the order of a few 100 MeV. Such a scalar particle has
not unequivocally been identified so far, as we have already mentioned. One way
out of this problem is to assume that the o-meson describes in some effective
way the effects of 2m-exchange interactions, although then its role as the chiral
partner of the pion is not obvious.

There is, however, also another way out of this difficulty. This is based on
the observation that for large “stiffness parameters” A in the potential (6.29)

1
Vo, m) = Z)\Q (7*+0%— f,f)2 + const.
the fields o and 7 are more and more forced on the “chiral circle”
o +mw?=f2 . (6.53)

Simultaneously, the mass of the o-meson is increased, since it is proportional to
A (see (6.49b)). In the limit A — oo, the Lagrangian of the so-called “nonlinear
o-model” is in the mesonic sector alone given by

1 1
Ln =3 (8,m)° + 5 (8,0)° (6.54)
with the subsidiary condition
o + % = f2 = const

In this case the two boson fields can be expressed by the “chiral angle” 6 and
the unit vector 7 in isospin space via

o(x) = frcosf(z) ,
m(x) = f.A/(z)sinf(z) . (6.55)

We can combine the two fields (6.55) as usual (see Sect. 5.3.2) into the chiral
field U (see (5.40)) by setting?

1 : . R
U(xr) = A [o(z) +ivsT - w(x)] = cosO(x) + iysT - #{x) sinf(x)
™
3Rewriting the ‘chiral combination’ ¢ 4 iy57 - 7 in the form of an exponential is an often
used method in chiral models. We, therefore, briefly outline here the mathematical steps
involved starting from the exponential form and Taylor-expanding it

oxp (sf(a)T- W = Y % (iys0(a)T - #(z))* (6.56)

k

Next we separate the even and odd powers in the expansion and use

iZn — (_)n and i2n+1 — 1(_)77,

,ygn =1 and Vgn{»l =5 (657)

This gives for the exponential

. R 1 . R 1 ) N
exp (00T #) = ) o (s AT+ an i (et AT
n 2n+1
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= exp[iysl(x)T - A(x)] . (6.61)

Compared to (5.40) an extra factor 5 has been inserted here in order to take
care of the pseudoscalar nature of the pion. U thus now also acts in the Dirac
spinor-space. In terms of this field U the condition (6.53) can be expressed as
Ut = 1.

By using (6.55) we obtain now for the Lagrangian (6.54)

Lo = % 72 (@77 sin? 0 + (0,6)°] = 1—16 o (@) @0)  (662)

by tracing out the isospin degrees of freedom (this gives an extra factor 1/2,
see (3.25)) and the Dirac degrees of freedom (this gives an extra factor 1/4).
Equation (6.62) incorporates the condition UTU = 1. The total Lagrangian of
the nonlinear o-model can now be written as

L— % 72t (000 (0u0)) + W (10, — 9f:U) ¥ (6.63)

Since the o-field no longer appears explicitly in the Lagrangian it is evident that
the chiral symmetry is realized in the Goldstone mode in this model; this can also
be seen by noting that the pion is massless and that the o-field o = (f2 — 72)2
has a nonvanishing value.

6.2.3 Nambu—Jona—Lasinio Model

In this section we have so far discussed examples for the Goldstone mechanism
of spontaneous symmetry breaking that were either purely bosonic or contained
an interacting system of bosons and fermions. Already in 1961, however, Nambu
and Jona—Lasinio proposed a model that contains only fermions and exhibits

= S s 3 %wfﬁ)%“ . (659)

Next we look at the isospin operator product for n = 2

2
2 . } : 2.2 § : RN
(7% = ( E Tk:”k) = TnTn + TnTmTnTm

n n n#m

1+0=1, (6.59)

since the anticommutator {7n,7m} = 20pm and # is a unit vector. Thus all even powers of
the isospin product give a “1”, whereas all odd powers then just reproduce the product. This
finally gives for the exponential

(_)n n . - (_)n n
DG O T Ay O

n 2n+1
= cosO+iysT - Fsind . (6.60)

exp (Iy50T - ®)
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the effects of spontaneous symmetry breaking [KLE92]. The Lagrangian of this
so-called NJL model in the two-flavor version is given by

L=igy0'q+G [(@q)Q + (qis79)°| - (6.64)

While the authors originally formulated this model in terms of nucleon fields
(quarks were not known then) we have given here the Lagrangian in terms of
quark fields q. The Lagrangian (6.64) represents a system of massless fermions
interacting through a contact interaction (the term in square parentheses). The
constant G is a coupling constant with the dimension of (mass)~?; it is assumed
to be positive so that the self-interaction of the quark fields is attractive. Since
the interaction is local it corresponds to a §-function two-body force between
the quarks.

L is symmetric under an SU(2)y transformation since it involves a scalar
product of isovectors. It is also invariant under an SU(2), transformation as
can be seen by noting that under an infinitesimal transformation (5.27)

9 — qq—qivsTq-m
qisTq  —  qiysTg +qqn - (6.65)

The model is, therefore, also invariant under the chiral transformation SU(2)1,®
SU(2)r (see discussion in Sect. 5.3.1). In addition, (6.64) is also invariant under
a U(1) transformation leading to quark (baryon)-number conservation.

An impression of the structure of this model can easily be obtained by intro-
ducing two auxiliary c-number fields o and 7 and then rewriting the Lagrangian
into [KUHS4]

L = § (mau —G(o+i7 - ﬁf,)) q— “; (02 + 72) + Lyes
= Lur + Lres (6.66)
with
Lios =G ((jq + 'u—~20) i + (q‘i%?q + u—fﬁ) 21 (6.67)
G G
and
G? =2G1* . (6.68)

The constant p with dimension mass? has been introduced to give the proper
dimension to the c-number fields.

The Lagrangian (6.66) (without L,es) looks similar to that of the linear o-
model discussed in Sect. 6.2.2, except for the absence of a kinetic energy term for
the mesons in (6.66) and of an explicit symmetry-breaking potential. Equation
(6.66) shows that the fermions acquire a mass through their coupling to the
auxiliary fields. If we, as usual, assume that the pion field vanishes at the
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physical vacuum while the sigma field acquires there a non-vanishing value og
this mass is given by

M = Goy . (6.69)

Lyr has the structure of a one-body operator, L,¢s that of a residual inter-
action. We can now choose the auxiliary fields such that the expectation value
of L5 in the vacuum state of Lyp vanishes. This can obviously be achieved if
we choose the scalar field o such that

2
(0]qq|0) + an =0, (6.70)

and analogously for the pseudoscalar field 7. In this case L,es is just the original
interaction term in (6.64), normal ordered with respect to the vacuum state of
Lyvrp. The Lagrangian Lyp then describes a mean field (MF) in the Hartree-
Fock sense and the scalar and pseudoscalar fields ¢ and 7 are linked to the
scalar and pseudoscalar condensates through (6.70).

From (6.70) we immediately obtain

B 2
M = Goy = 20%00 = —2G(0|34|0) . (6.71)

The quark-condensate thus generates the quark-mass. With this quark mass M
the equation of motion for a non-interacting field is given by

(i7u0" — M) q(x) =0 (6.72)

The equation of motion (6.72) is no longer chirally invariant, if M # 0. Since
M depends on the vacuum state of the quark fields ¢, which in turn depend on
M, Equations (6.72) and (6.71) constitute a selfconsistency problem.

The mass M can be expressed by the quark-spinors of (A.23) as

M = —2G<0|Qq|0>

- _2GVZ Olbpsb 0)v' (p, $)70v(p, 9)

= 2G—Z S (6.73)
V£ \/m

In going from the first to the second line the normal mode expansion for quark
fields (?7?) has been used. The sum over states in the Dirac sea diverges; it thus
has to be regularized by introducing an appropriate cut-off A for the sum over
momenta. Going over to an integral representation with the help of (?7?) gives

M d3p
Fl<a /P2 + M2 (27)3

This equation is obviously solved by M = 0, corresponding to a chirally
symmetric single particle equation of motion (6.72). However, for large enough

M = 4G (6.74)
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0.0

Figure 6.3: Scaled quark mass m = M/A in the NJL model as a function of the
scaled coupling constant g = A?/7% G for vanishing Fermi momentum

coupling constants G a solution is also obtained for nonvanishing M, correspond-
ing to a non-vanishing quark condensate and thus to a situation with hidden
chiral symmetry; this behavior is clearly seen in Fig. 6.3. The NJL model is
thus able to describe a transition from a chirally symmetric vacuum state to
one with hidden symmetry when the self-coupling strength of the quark fields
is increased. Because of (6.71) with the mass M also the expectation value (Gq)
becomes nonzero for large enough coupling constants. Thus this so-called chiral
condensate is a direct measure for chiral symmetry breaking.

Equation (6.74) has exactly the same structure as the gap equation in the
BCS theory of superconductivity, used, for example, to obtain the pairing gap
as a function of the pairing interaction strength. The mass M plays here the
role of the the pairing gap A.

It is a well-known property of the gap equation in nuclear physics that the
gap decreases — and ultimately disappears — due to the blocking effect when
states above the Fermi-level become occupied, either through a thermal excita-
tion of the system or through the presence of odd nucleons. Exactly the same
phenomenon appears here: if also positive-energy quark states are occupied,
either through a temperature in the system or through a non-vanishing baryon
density, the integral on the rhs of (6.74) extends over these states as well; be-
cause of the properties of the positive-energy spinors these states appear with
an opposite sign and give a contribution to the mass

M d3p
Fl<pe /P2 + M2 (2m)3

In order to compensate for this negative contribution, with G fixed, the masses
then have to become smaller until they vanish altogether, when the occupation

AM = —4G (6.75)
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of the positive energy states is increased more and more. Thus, with increas-
ing density and/or temperature the quarks become massless again and chiral
symmetry is restored.



Chapter 7

Gauge Field Theories

The symmetries discussed in the preceding chapters were all global symmetries.
For example, the SU(3) symmetry of the strong interactions discussed in Sect.
3.3 implies that the physics of an interacting system of mesons and baryons is
invariant under a global rotation in the isospin-hypercharge space, i.e. a rotation
by the same angle at each point in space and time. In this chapter we will now
discuss the implications of the symmetry under the much more general local
transformations in which the rotation angle can vary from point to point in
space and time.

7.1 Conserved Currents in QED

The usual way to introduce the coupling of charged particles to an electromag-
netic field A, in quantum theory is by the so-called “minimal coupling” in which
the four-momentum is modified

Pu — Pu — un (7.1&)
or, equivalently,
Oy — 0, +iqA, (7.1b)

where ¢ is the charge of the particle. The combination on the rhs of (7.1b) is
often called the “covariant derivative”, D,;:

D,=0,+iqA, . (7.2)
The same minimal coupling is also applied in quantum field theory. For example,
the Lagrangian for a free charged fermion field

Lo =V ('O, —m)¥
becomes in the presence of an electromagnetic field A,

Lp

U(iy"D,, —m)¥
\If(iw“au —m)¥ — qUy" I A,
= Lo+ Lint - (73)

101
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Note that the structure of the interaction term is uniquely determined by the
minimal coupling.

In order to obtain the full Lagrangian for the coupled system of fermion and
electromagnetic field one has to add to Lr the Lagrange density of the free
electromagnetic field (see (2.16)),

1 174
Eem = _ZFM F;,LV ) (74)

with the field tensor
F.,, =0,4, -0,A, . (7.5)

The equations of motion for the electromagnetic field A, that follow from
the Lagrangian

L =L+ Lem + Lint
are then given by

O*F,, = 0", A, — 0, (0" A,) = ju (7.6)
with the conserved current

g, =qUy U . (7.7)

Thus the conserved Noether current (7.7) for free fermions provides also the
coupling to the electromagnetic field (see (7.6)).

For bosons there is an interesting modification of this statement because
here the current is modified by the interactions. This can be seen by looking at
the Lagrangian for free charged bosons

Lo = (0"9)1 (9,®) — m*o'o (7.8)
and the corresponding conserved current (2.63)
ju(x) =iq (®10,® — ®9,@") . (7.9)

Replacing the derivatives in the Lagrangian (7.8) by the covariant derivative
(7.2) yields

L

(D"®)' (D, ®) — m?*®'®
= Lo—ig(979,® - ©9,0") A" + 2 A%0TD . (7.10)

The conserved Noether current for this Lagrangian is
ju(z) = ig (@TDﬂcb ) (D@)T) . (7.11)

This is just the Noether current (7.9) for the free Lagrangian with the derivatives
0, replaced by the covariant derivatives D,,. In contrast to the fermion case the
Noether current of the interacting boson system is thus different from the one
of the free boson system. However, again the current (7.11) is identical to the
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one acting as the source term in the field equations given by the second term in
the Lagrange equations of motion,

ula) = (7.12)
as can be directly seen by differentiating (7.10). The coupling is thus provided
by the Noether current for the interacting system (see (7.11)).

The fact that the conserved current ((7.7) and (7.11)) appears as the source
term on the rhs of the wave equation for the electromagnetic field allows one
to interpret j, as the electromagnetic current. The current thus plays an in-
teresting dual role: on one hand it is the source of the electromagnetic field
and on the other it is a conserved quantity due to the global U(1) symmetry of
the Lagrangian. This is a very important feature; its consequence is that the
electric charge is not modified in the presence of strong and weak interactions
as discussed in Sect. 5.2.1 in connection with the vector coupling constant gy .

The presented coupling of charged particles to an electromagnetic field via
the covariant derivative was first introduced because of the analogy to the clas-
sical theory. There it is known that the minimal coupling leads to the right
electromagnetic forces between charged particles. In the following we will show
that this specific form of the coupling also leads to a locally gauge-invariant
Lagrangian. By turning this argument round it will then be shown that the
more abstract and aesthetic concept of local gauge invariance itself can be used
to derive the coupling term. The importance of this concept will become clear
in Sect. 7.3 since it can be easily generalized to derive the interaction for cases
where we have no analogous classical theory to compare with.

7.2 Local Abelian Gauge Invariance

From classical electrodynamics it is known that the vector potential is not
uniquely determined. A transformation

Ay(x) — Al (x) = Ay(x) + 38#5(:17) , (7.13)

where () is an arbitrary function of space and time, leaves the field tensor F),,,
and therefore the electric and magnetic fields, invariant. This is the so-called
“gauge-invariance” of classical electrodynamics.

At first sight it is not evident that this gauge invariance also holds if the
interaction between fermions and the electromagnetic field is included. Ly and
Lem are obviously invariant under the transformation (7.13), but Lin (7.3)
changes by

OLine = — Uy T Oue . (7.14)
The solution to this problem is, however, also well known from quantum me-

chanics: together with A, we have to change the particle field by a “local” phase
transformation according to

V() — ¥(z) =e “@W(z) . (7.15)
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This causes a change of Ly by
6Ly = +Uy U e (7.16)

which exactly cancels Liyt in (7.14).

The transformation (7.15) is a local phase transformation of the field ¥(z).
It differs from the global phase transformations discussed so far by the fact that
the constant parameter € in the U(1)-transformations has been replaced by the
space- and time-dependent function e(x). The simultaneous transformation of
the fermion fields ¥ (7.15) and the electromagnetic field A, in (7.13) is called
a “local gauge transformation”. QED is thus a locally gauge invariant theory.
Its “gauge field” is the electromagnetic field A,,; its field quanta, the so-called
“gauge bosons”, are the photons.

Invariance of QED under the transformations (7.13) and (7.15) implies phys-
ically that the theory is invariant under an arbitrary space- and time-dependent
change of the phases of the charged fields.

This invariance is due to the coupling via the covariant derivative D,. It
follows because of the essential property that D,V is affected by local gauge
transformations in exactly the same way as 0, ¥ is by the corresponding global
one. For constant ¢ the transformed expression reads

(0,%¥(z)) =e 70, ¥(x) , &= const., (7.17a)
and for z-dependent e(x)

(Dp¥(2)) = (9. +igA}, () ¥'(x)
= (Ou +iqAu(x) +10,e(x)) e (2)
= (9, +igAu(x)) U(x)
e @D, V() . (7.17b)

Comparison of (7.17a) and (7.17b) proves the statement made above. This fact
suggests a simple method of transforming a globally gauge invariant Lagrangian
into a locally gauge invariant one simply by replacing everywhere the normal
derivatives by the covariant ones.

Since the U(1) transformations form an Abelian group, QED is said to be
invariant under an Abelian local gauge transformation. Turning these consid-
erations now around by requiring local Abelian gauge invariance for a system
of free fermions, i.e. invariance under the transformation (7.15), we see imme-
diately that there has to exist a massless vector field A, (z), the “gauge field”,
that couples to the fermions via the covariant derivative. Furthermore, this field
must change together with the fermion field as specified in (7.13). The electro-
magnetic field A, (z) can thus be understood as a gauge field whose coupling
to the fermions is restricted by the requirement of local gauge invariance and is
actually fully specified by the additional requirement of minimal coupling only.
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Essential for this result is that the mass of the gauge boson of QED, the
photon, is zero.! A mass term in the Lagrangian of the form (see (2.25))

1
SmPAA,

is obviously not invariant under the gauge transformation (7.13) and would spoil
the gauge invariance of the whole theory.

7.3 Non-Abelian Gauge Fields

At the end of Sect. 7.2 it has been shown how the generalization of the global
phase transformation (U(1)-symmetry) to a local one and the requirement of
local gauge invariance leads directly to a well-defined theory for the interaction
of fermions and bosons with the electromagnetic field. It is, therefore, suggestive
to try to generalize the other global phase symmetries discussed in Chap. 3 to
local ones and to generate interactions of isospin currents (for SU(2) or SU(3))
with the corresponding gauge fields by the gauge invariance requirement.

For the SU(2) case, this approach was actually tried in 1954 by Yang and
Mills with the hope of thus constructing a theory of the strong interactions.
An insurmountable obstacle at that time was the fact that the gauge field has
to be massless — as was discussed before for QED and is also true in general
(see below) — so that the force between nucleons would have been infinitely
long-ranged, in glaring contrast to the short-range nature of nucleon-nucleon
forces.

More recently, however, the non-Abelian gauge field theories have had an
impressive revival, mainly owing to the realization that masses of gauge field
quanta can be generated by spontaneous local symmetry breaking (the so-called
“Higgs mechanism”). This is similar to the spontaneous global symmetry break-
ing discussed in Chap. 6 and will be discussed in detail in Chap. 8. We will,
therefore, in the following paragraphs develop the general theory of the non-
Abelian gauge fields.

7.3.1 Lagrangian for Non-Abelian Gauge Field Theories

We consider a system of fermions whose free Lagrangian is globally SU(N)
symmetric. The particle field is described by an N-component spinor and thus
belongs to a fundamental representation of the group. The symmetry operation
is given by

Uz) =e =T (7.18)

(compare with (3.27), (3.87)). The T' are the N2 — 1 generators of SU(N)

(T = 17! for SU(2), T' = 1\ for SU(3)). They obey the commutation relation

[T', 7] =if'™ 1" (1=1,2,...,N*=1) |, (7.19)

1The present experimental upper limit on the photon restmass is 2 - 10722 MeV.
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where the f'™" are the antisymmetric structure constants of the group SU(N).
They are normalized such that

tr (T'T™) = %5“" . (7.20)

This normalization is possible because the matrix 7'T™ can always be diago-
nalized in the space of the intrinsic degrees of freedom by a proper choice of
basis vectors. In the (N2 — 1)-dimensional regular representation the matrix
elements of the generators are given by the structure constants

(TF)"™ = —iftm (7.21)

Introducing these into the commutation relations (7.19) yields the so-called
Jacobi identities for the structure constants.

The global SU(N)-symmetry is now made local. This necessitates the ap-
pearance of a gauge field, W,. This vector field has IV 2 _1 internal components,
each of them belonging to one of the N? — 1 generators of SU(N). The gauge
transformation reads now

U (z) = e O g(g) . (7.22)

As in the Abelian case of QED, the globally symmetric free fermion La-
grangian is made locally gauge invariant by replacing the normal derivative 0,
by the covariant derivative

Dy =0, +igT'W} =0, +igW, , (7.23)

where ¢ is the coupling constant; this is a generalization of (7.2). In the last
step the (N x N) matrix

W, =T'W), (7.24)
has been introduced.? The Lagrangian is now
L=V({y"D,—m)V+ Ly . (7.25)

Here Ly is the Lagrangian of the free N2 — 1 vector fields WIlL

The requirement of local gauge invariance of (7.25) determines the changes
of Wllt under the gauge transformation. These can be obtained by considering
the requirement that the kinetic energy part in (7.25) has to be invariant under
the transformation ¥ — ¥’ = U(z)¥. Condition (7.17b) now reads

!
D;L\I!’ = DL (Uv)=UD,¥ . (7.26)
Explicitly, this becomes
(Op +igW}) (UW) =U (9, +igW,) ¥ . (7.27)

2The quantity W, is an (N X N) matrix acting on the N components of the fermion spinor
¥ and it is the pu-th component of a four-vector.
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Equation (7.27) yields the necessary transformation law for W,

i

w, = UW#U—HL;(@U)U—1
= UW#U_l—éU(Z)#U‘l) : (7.28)

where the second line follows from differentiating UU ! = 1. The corresponding
transformation law for W,ﬂ can be obtained by multiplying both sides of (7.28)
with T!. Taking the trace and using (7.20), we obtain for an infinitesimal
transformation (considering only terms up to O(e))

myrm L . N R |
SW, = —ek frmwm + gausl = —ie" (T"W;")" + 58#51 : (7.29a)

This equation shows that under a global transformation with constant e the
gauge fields Wﬁ transform according to the regular representation of SU(N)
(see (3.99)). The corresponding gauge bosons, the field quanta of Wll“ therefore
form themselves an (N2 — 1)-dimensional multiplet of SU(N); they must be
bosons because they belong to a vector field with angular momentum 1.

If we now take T* in the regular representation ((T%)!™ = —jfkim) 6Wﬁ can
be rewritten into

W) = = (00" g (T W) ") & = = (D) (7.29b)

It is remarkable that the change of the field WZL is thus given simply by the
covariant derivative of g(x).

Equation (7.28) contains the case of an Abelian gauge symmetry as a special
case. In the case of QED, for example, the four-potential A, plays the role of
W, and one obviously has

[A,,A,) =0 (7.30)
and 7' = 1. Then (7.28) becomes

Al ()

: : 1
e @A, (x)el*® 4 5(9“5(:10)
1
= Au(z)+ ;(9“6(1:) (7.31)

in agreement with (7.13).

What we have shown up to now is that the fermionic part of the Lagrangian
is locally gauge invariant if there are N? — 1 gauge fields and these fields are
changed according to (7.29b). What is still missing is the form of Ly,. In
analogy to electrodynamics we make the ansatz

Ly = —iF”wFZW = —EFW F o, (7.32)

where the bold symbols denote a vector in internal SU(N) space and the dot
product denotes a scalar product in this space.



108 CHAPTER 7. GAUGE FIELD THEORIES

In order to establish the gauge invariance of Ly we first rewrite it into a
more convenient form by using the normalization condition (7.20)

N*—1
1 PV 1l 1 14 lm m
Lw = —qF"F, =—5 Y F"u(T'T") F
I,m=1
1N2—1 N 1 N
124 l m m v
T2 > 2 T, @ )ﬁFW:_EZ(FM i (Fu) i
I,m=11i,j=1 i,j=1
1 1%
= _§tr(Fﬂ F.) (7.33)

with F,, = TlFll“,.
The trace of a matrix is invariant under unitary transformations. For the
invariance of Ly, it is therefore sufficient to show that

F,,=UF, U | (7.34)

F,,, itself does not have to be gauge invariant (as it is in the Abelian theory
QED). This relation determines the functional dependence of F),, on the gauge
fields W/. Since their transformation involves the structure constants of SU(N)
(see (7.29b)) it is natural to expect that the field tensor F),, depends on W,
in a more complicated way than in the Abelian case. As we will show below,
(7.34) is satisfied by an ansatz of the form

i

Fo=0W,-0,W,+ig[W,,W,] = p Dy, D] (7.35a)
or, in components,
F}, =0, W, = 0,W} — g wirwy . (7.35b)

Again, for the electromagnetic case (f'™" = 0) this reduces to
F., =0,A, - 0,A,

since in the Abelian case the commutator term (7.30) vanishes.

The additional term, quadratic in W, that appears in (7.35a) for the non-
Abelian gauge field theory leads to terms ~ W3 and ~ W? in Ly (see (7.33)).
These new terms, which are present only in non-Abelian theories, obviously
describe self-interactions of the gauge fields.

The F),, given in (7.35a) indeed transforms according to (7.34) as will be
shown now. For this purpose we first derive the expression for the derivative of
the transformed W,

0. W, = QU)W U +U 0, W)U +UW, (9,U")

i

p 0.U) (8,U~1) — ;U (0,0,U7Y) . (7.36)

Here (7.28) has been used. Using the relation
(U HYU+U (0, U)=0 (7.37)
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that follows from U~!U = 1, the first three terms in (7.36) can be rewritten
into the form
uu (0,U) W, U+ U (9, W,) U™t + UW,U U (9,U1)
= -U0U Y UWU ' +U QW)U +UW,U'U (0,UY)
=U@W,) U =[U U "), UW, U] . (7.38)

The resulting expression for the derivative of the gauge field (7.36) is now in-
troduced into the definition (7.35a). We obtain

F,, = 0,W,—o,W,+ig[w,, W/]
= U@W,)U " =[U(8,U "), UW, U]
~U@W) U +[U(0,U), UW, U]

é ((0.0) (0.U") = (9,0) (9.U 1))

+ig [ UW, U - éU (.U "), UW, U™ — éU (0,U™1)

= U(Q,W, —0,W,) U +igU [W,,W,]JU*
UF,, U . (7.39)

Here extensive use has been made of (7.37). Equation (7.39) is the desired
result. Thus the Lagrangian Ly for the gauge field is indeed gauge-invariant.

As in the Abelian case this result holds only if Ly does not contain a mass
term. Such a term of the form (cf. (2.25))

1 21171 l
im w HW#

cannot be invariant under the transformation (7.28).

For our discussion in the next subsection it is essential to notice that the
coupling constant g in the expression for the field tensor (7.35a) has to be the
same as the one appearing in the change of the gauge field (and therefore also
as the one in the covariant derivative (7.23)), since otherwise the cancellation
of terms necessary for the result (7.39) could not be achieved.

The locally gauge-invariant complete Lagrangian is, therefore, for a SU(N)
symmetry given by (7.25)

- 1 .
L = U(iy"D,—m)¥ — ZF”‘ F,
- . 1 _pv
= U (iy" (9, +igW,) —m) ¥ — ZF”‘ Fl,
_ 1 v _
= U (iy"9, —m) ¥ — ZF”‘ Fl, — gy TOw! (7.40)

The last term provides the coupling of the fermions to the gauge field by means
of the current

ju = g\i]’VuTl\IJ . (7.41)
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This is again the conserved Noether current corresponding to the invariance
of the free fermion Lagrangian (first term in (7.40)) under the global SU(N)
transformation U.

As in classical electrodynamics, one has the freedom to choose a gauge that
simplifies specific calculations as much as possible. The freedom to choose a
convenient gauge lies here — as in QED — in the functions ¢!(x) appearing in the
transformation (7.22). Frequently used gauges are

1. the time-axial gauge: Wy(x) =0  for all x ;
2. the space-axial gauge: Wi(x) =0  for all z and one k ;
3. the Coulomb gauge: 9;W;(z) =0 for all z ;
4. the covariant gauge: 9, W"(x) =0 for all z .

7.3.2 Properties of Non-Abelian Gauge Field Theories

The consequences of the non-Abelian character of this gauge field theory, com-
pared with an Abelian one like QED, are most evident in the equation of motion
for the gauge field:

O'F,, = gf "W, 4+ g0y, T (7.42)

For f'™" = ( and T' = 1 (Abelian case) this reduces to Maxwell’s equations of
QED (see (2.13)). However, in the non-Abelian case an additional source term
appears that is even present for a vanishing fermion source: the first term on the
rhs of (7.42) depends only on the gauge fields and contains terms of second and
third order in these fields and their derivatives. This means physically that the
gauge field quanta interact among themselves: they are “charged”. The coupling
constant for those self-interactions is the same g as that for the coupling to the
particle field; the self-interactions can be traced back to the appearance of the
commutator term in the field tensor (7.35a) that is proportional to g.

If the original globally SU (N )-symmetric Lagrangian, before “gauging”, con-
tained other particle fields and their couplings, it could be made locally invariant
in exactly the same way as described above, namely by introducing one common
gauge field and replacing the normal derivatives in the kinetic energy terms by
the covariant ones. Since for non-Abelian gauge symmetries the coupling con-
stant appears also in the expression for the field tensor F),,, all the different
particle fields have to couple with the same coupling constant g to the gauge
field. This fact is known as the universality of the interaction; the non-Abelian
gauge field couples with an universal strength to all particle fields.

Necessary for this universality is that the symmetry group cannot be de-
composed into a direct product of groups. If this were the case, on the other
hand, then the generators of one subgroup, although not commuting among
themselves, do commute with the generators of the other subgroups. Gauging
each one of these independent symmetries will introduce separate gauge fields
and coupling constants into the theory. For example, the Lagrangian (7.40) con-
tains in addition to SU(N) also a global U(1) symmetry. If the latter were to
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be made local then we would have to introduce another gauge field and another
coupling constant.

It is worthwhile to stress explicitly that universality is contained only in non-
Abelian gauge field theories; it is not present in the Abelian case. For example,
in QED, where the U(1) symmetry is gauged, the different particles could have
quite different electrical charges, since in this case Ly does not contain the
coupling constant and is therefore invariant under the transformation (7.31)
with arbitrary g. That the electrical charges in nature are quantized and that,
for example, the charge of the proton is exactly the same as that of the positron
can therefore not be understood on the basis of the U(1) symmetry; it may be
the consequence of some higher non-Abelian gauge group.

The first attempt to describe physical interactions by non-Abelian gauge
field theories was made by Yang and Mills in 1954. They tried to generate the
strong interactions by “gauging” the SU(2) isospin symmetry. This attempt had
to be given up because a theory with “charged” (i. e. isospin-carrying) nucleons
and massless gauge bosons leads to infinitely ranged forces between the nucle-
ons, in obvious contrast to the observed properties of the strong interactions.
Only much later was it realized that a theory of the strong interactions should
involve the basic building blocks of hadrons and not the hadrons themselves. A
successful gauge field theory involving these elementary particles is Quantum
Chromodynamics (QCD) in which the SU(3) symmetry in an internal space
(the color space) is gauged.

An essential feature of gauge field theories is their renormalizability, i.e. the
possibility to derive meaningful, well defined predictions of the theory. This
renormalizability and the universality of the coupling constant of non-Abelian
gauge field theories have important implications for the theory of weak inter-
actions. In Sect. 5.2.1 we have argued that the observed universal value of
the weak vector coupling strength can be understood as a consequence of the
SU(2) isospin current conservation. What was needed there was the assumption
also that the unrenormalized weak charges are the same for all particles. This
requirement suggests that the weak interactions might be mediated by non-
Abelian gauge fields, which automatically lead to universal coupling constants
as just discussed.

Such an idea has indeed had remarkable successes in the so-called standard
model of the electroweak interactions ([QUI83, HAL84, HUA92, PES95]) which
will be discussed in detail in Chap. 12. In this model the weak and the Coulomb
interaction are generated by gauging the weak isospin SU(2)w and the weak
hypercharge U(1)y. By spontaneous symmetry breaking, here called the “Higgs
mechanism”, masses are generated for the gauge bosons that transmit the weak
interaction (the W# and Z-bosons), whereas the gauge bosons responsible for
the electromagnetic interaction (the photons) are left massless. The Higgs mech-
anism thus offers a reconciliation of the gauge invariance of the Lagrangian with
the requirement of a very short range of the interaction.
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Chapter 8

Spontaneous Symmetry
Breaking
in Gauge Field Theories

In this chapter we construct a number of models that exhibit the mechanism of
spontaneous symmetry breaking for gauge field theories. These models do not
yet contain “real” particles but they exhibit the important Higgs mechanism
that appears when a local symmetry is spontaneously broken.

8.1 Higgs Mechanism

In preparation for the full theory we consider here now a locally gauge invariant
Lagrangian that allows spontaneous symmetry breaking. We restrict to U(1)
symmetry.

We consider a complex scalar field ¢

1 .
5 (@1+i) (8.1)

which is coupled to a vector field B, (e.g. the electromagnetic field). As dis-

cussed in Sect. 7.1 this coupling can be achieved by replacing everywhere normal
derivatives by covariant derivatives

¢ =

L= (D"9) (D) = V(9'6) ~ {F " Fru (52)
where V is a potential given by

v (616) = gutolo+ 5 X% (610)° (53)
with A% > 0 (cf. the model in Sect. 6.2.1). F),, is the field tensor

Fu =0,B, —0,B, . (8.4)

113
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The Lagrangian (8.2) is globally U(1)-invariant; it is also locally U(1)- in-
variant under the gauge transformation (7.13), (7.15)

$x) — ¢(z) = *o(x)

1
Bu(@) — Bl(x)=Bu(@)+ 0,c() (8.5)
We consider the case with spontaneous symmetry breaking, z? < 0. In this

case the vacuum state, i.e. the state that minimizes the energy, is given by a
space-time independent state with

(¢T($)¢(;v))0 =2 =" _ const. ) (8.6)

just as in the example treated in Sect. 6.1.1. This vacuum state is infinitely
degenerate. We choose as the physical vacuum the real, constant field

(™)

v . 0

=— with v=4/—= real. 8.7
on) 7 2 (8.7)
The other degenerate vacua differ only by a constant phase € from this vacuum
state. The vacuum is thus not annihilated by the symmetry operation and
we therefore expect the appearance of Goldstone bosons, at least in a globally
symmetric theory.

In an already familiar step we now expand the field ¢ around ¢ by setting

Vgl
o \/iiei‘”/” (v+¢1) . (8.8)

for small variations |p1|/v < 1, |p2|/v < 1 around the minimum. The expo-
nential, “polar” form of ¢ represents the variations of ¢ around the physical
vacuum in terms of a phase y2(z)/v and an absolute value ;.

Next, the Lagrangian is expressed in terms of 1 and @9

L= (@ ~iaB") 6] (0 +iaBy) 6] - 55616 — 302 (670)°
L,
= % [(0" = 1gB") (v + @1 = i) (O +1¢By) (v + 1 + i)

1 . .
- ZMQ (v + @1 —ipa) (V+ 1 + ipa)

1 . .
— N+ 1 —ip2) (v + o1 + i)
1 v
— P (8.9)
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Collecting all terms up to those quadratic in the fields we obtain

1
L= $[0"%1) Oupr) + 1]
1 1
+ 5 (0"p2) (Ousp2) — ZF”VFH,, + quB* 0,2
+ %q2v2B“BH o (8.10)

The 1 field has now acquired a mass m = /—u2, v seems to be massless
(the Goldstone boson), but is coupled to By, and B,, itself has become massive.
The terms that are not written out explicitly contain terms of order O(¢3)
and O(p?*) as well as O(By?) and O(B2%¢?) and a constant. So far, we have
exploited only the global U(1) symmetry.

The interpretation of the Lagrangian (8.10) is complicated by the presence
of the coupling between the field B, and the massless Goldstone field . We
can now exploit the local U(1) symmetry to get rid of this coupling and thus
get a clearer insight into the physics contained in (8.10). This can be achieved
here in a particularly simple way that suggests itself by looking at the polar
representation of ¢ in (8.8). Since the model-Lagrangian considered here is
gauge-invariant, the phase factor exp(ips/v) in (8.8) can be removed by an
appropriate gauge transformation:

¢ — ¢ =e 2D/ (8.11)

This corresponds to a variation along the degree of freedom that distinguishes
the various vacua of the theory. As we have seen earlier, oscillations in this
degree of freedom are just the Goldstone bosons.

Equation (8.11) effectively removes these excitations so that we expect that
no massless particles should be present in our model-spectrum. This is indeed
borne out as we can see by inserting the gauged fields

1
= — (v+ 8.12
¢ 7 (v+¢1) (8.12)
and consequently also
1
r_
BH = B:U' + q—vaﬂgag (813)
into the Lagrangian (8.2). This yields

1
L= $[0"%1) Oupr) + 1]
1

1
= " + §q2v2B”Bu

1 1
+ @B By (1 + 2v01) — 22701

1
- Ez\zvﬁ + const . (8.14)
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In this Lagrangian indeed the field ¢» has vanished. The vector field B, and the
1 field have remained massive with masses m = qu and /—pu?, respectively.

The missing degree of freedom, the Goldstone boson ¢2, has been “con-
verted” into the longitudinal component of the massive vector field B,. The
gauge in which the field ¢y disappears, is known as the “U-gauge”. The quanta
of the remaining ¢;-field are the so-called “Higgs bosons”, they are scalars.

The Lagrangian (8.14) shows no indication of the original gauge symmetry,
primarily because of the appearance of the mass for the gauge field B which
masks the original gauge-invariance. The coupling to the Higgs boson thus
provides a mechanism to make a gauge field, in the present case an Abelian one,
massive.

8.2 Spontaneous Breaking
of a Local Non-Abelian Symmetry

The only case that is left to consider in our model building is that of a local
non-Abelian symmetry.

We thus consider now the Lagrangian (6.18) with the potential (6.19) which
exhibits a global U(1) ® SU(2) symmetry. If we first gauge the SU(2) symmetry
we know from our general considerations of gauge fields in Chap. 7 that we have
to introduce an isotriplet of gauge fields Wl’f to make the theory gauge-invariant.
As before ¢ is an iso-doublet of charged boson fields so that the Lagrangian reads

L= (D)l (Dud) ~ V(§'6) ~ {G" - G (5.15)
with the potential

Vig'e) = susto + 53 (619) (5.16)
the covariant derivative

Dyé = up+igWyé and (Do)’ = 0ol —igel W, (8.17)
(see (7.23)) and the field tensor

Gy = 0, W, — 0, W,, +ig[W,, W] (8.18)
with (see (7.35a))

l

W, = %WZL , (8.19)
and
l
G,ul/ = %Giuj . (820)

The dot product in (8.15) denotes a scalar product in SU(2) space.
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If in addition also the U(1) symmetry is gauged we have to introduce an
additional Abelian gauge field B, so that the covariant derivative becomes

!
Dy = O +igW, +i$ B, . (8.21)
Note that the coupling strength ¢’ is different from g since universality applies
only if one and the same symmetry is gauged, as we have discussed in Sect.
7.3.2.
The full Lagrangian now reads

1 1
L= (D"¢)" (Duo) — V(gle) — 16" G = 7P (8.22)
where now
.1 1
D¢ = 0,0+ <1g§Tlet + 1g'§BM> o, (8.23)
and F),, is the field tensor of the Abelian gauge field B,
F. =0.B,-0,B, . (8.24)

If 4?2 > 0 then we are dealing with a standard Yang-Mills theory with a
particle spectrum of two massive scalar mesons of mass pu, three massless gauge
bosons W,, and one massless gauge boson B,,.

If 42 < 0, however, then the original SU(2) symmetry can be spontaneously
broken in the vacuum state. The vacuum is — as in Sect. 6.2.1 — chosen as

< 0[]0 >= o — ( U/?/? ) (8.25)

which can always be achieved by a global SU(2) transformation. Degenerate
with this special state are infinitely many others that can be obtained from
(8.25) by an SU(2) transformation.

We now expand the “Higgs field” around this minimum by writing as in
Sect. 6.2.1

0 p1(x) + ipa () )
= + . . 8.26
o0 = upr )+ (G0 120 (8:26)
Since we are dealing with a non-Abelian theory the second term can be generated
from the first by a local SU(2) transformation so that we can write

—ialm%l 0
#o) =7 (<v+go<x>>/x/§ ) | (8:27)

since the space-time dependence of ¢ allows us to generate every possible isodou-
blet spinor in this way. Note the similarity of this expression to (8.8). The
transformation (8.27) contains four real fields, three £!(z) and one ¢(z). Since
the theory is gauge-invariant, its vacuum-energy does not change under a gauge
transformation involving the three fields &!(z). We thus expect three Goldstone
bosons which will be affected by the Higgs mechanism.
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As in the last section we can now go to the U-gauge by performing a straight-
forward gauge transformation. We obtain

0
%= (osplan vz ) (8:22)

The gauge freedom is thus used to convert ¢ into an isospin-down isospinor at
each space-time point. This field can now be inserted into the Lagrangian (8.22)

L

[a#w — <igW“ + i%Bﬂ)} Kaﬂ +igW,, + i%/B#> ¢]
V() - Lam G~ P,
= (0"9)" (0u0) —igd W (igW,,) ¢

/ !
— (igo'W") (i%Bu) ¢ - (i%B“) o' (i) ¢
g g 1
- (153#) o' <1§Bu> ¢ — §M2¢T¢
Loz 1, 1.
-3 (oT9)” — 16" Gy = 7F" £ (8.29)
1 1 p\2 1 w\4
. - ) 22,2 r 2\ 2,4 x
B 2(8(’0)(8”) 4,uv <1+’U) 8)\v (1+v)
1 v 1 v
= 4G Gy = FE
92 l k(11 _k 99 l t 1
+TWHEW (@177 e) + S WHB, (617'9)
/ 12
+ %B”W}L (677'0) + %B”Bﬂ (w+¢)?+... .

Since 7! and 7F anticommute for | # k, the terms with [ # k in ¢fri7%¢
disappear. Furthermore we have

(v+ ) (v+ )

olrirlo ==, ¢l =0 and ¢l =—"— (8.30)
We can thus write for the three terms containing the SU(2) generators
g’ Lyl 21 1772 o 9% auus 2
L (WHWE W WE) v+ )+ SWWE (0 + )
/
99 3 2
- ==B'W; (v+p)" . (8.31)

4

The total Lagrangian (8.29) then reads
L = 5 [0"0) (Oup) + p*¢?]

1 1
_ ZGW -Gy — ZFWFW

N =
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[ V)

g
+ §v2 (WHW, + WHWw?)
1
+ §v2 (gW3 — ¢'B*) (gWg —4¢'By,) (8.32)

+ higher order terms + const.

Here again A\?v? = —pu? has been used; the higher order terms all contain prod-
ucts of three and more fields.

In (8.32) the fields W? and B are coupled. The last line of (8.32) suggests
to introduce a linear combination of both fields.

gWi—g'B, = g (Wﬁ - %Bu)
= g (W} —tan9wB,)
= Cosgﬁw (cos hw W, — sindwB,,)
= Cosg 3 (8.33)
with the new field
Zy, = coswW,, —sindwB, . (8.34)

Here we have introduced the so-called Weinberg angle 9w by the definition

/

tandw = L . (8.35)
g
We now also introduce the 'orthogonal’ field

A, =sin 19WW3 +cosvwB, . (8.36)
Using the inverse relations

WS = cosVwZ, +sindwA, (8.37)
and

B, = —sindwZ, + cosIwA, (8.38)

we can rewrite the kinetic energy terms for W3 and B in terms of A and Z; as
a result the fields Z, and A, decouple in (8.32). This gives

1
L= ((0"0) (Oup) +u*e") (8.39)
1 2 YOR v V424 VAL 1 1 1 2, 217
_ZZ (W™ — o'W )(aﬂwy—a,,w“)—ig VWHEW
=1
1 1
-1 <(8“Z” —0"Z") (02, — 8, Z,,) — 3 (9> +97) ’UQZ“Z#)
1

~1 (o*AY — 9V A*) (0, A, — 0, A,) + higher order terms
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The higher order terms contain all the couplings of the fields.

The mass-spectrum of our model can now be read off from the Lagrangian
(8.39). We have one massive scalar field, ¢, with mass y/—p?. This represents
the so-called Higgs particle. In addition, there are three massive vector particles
— W' W? and Z — with masses

v
Wl} : mwi = g5 = Mw
Wi : mwz2 = Mw

v MW
- = =M 8.40
2  cosVw z ( )

z, mz = v/ g% + g’*

and one massless vector particle, A,. There are 9 degrees of freedom in the
3 massive gauge fields (W', W? and Z), 2 in the massless one (A) and 1 in
the Higgs field (¢), giving a total of 12. This equals the number of degrees of
freedom before symmetry breaking: 4 in the iso-doublet ¢, 6 in the massless
gauge-bosons Wﬁ, 2 in the massless gauge-boson B,,.

As discussed earlier, in Sect. 6.1.1, the generators 71 /2, 72/2 and (1 — 73)/2,
all connected with symmetries of the Lagrangian, do not annihilate the vacuum,
in other words, the unitary symmetry operations involving them do not leave
the vacuum state (8.25) invariant. Only (1+73)/2 annihilates the vacuum state,
so that we have

e—i€(1+73)/2¢0 _ ¢0 (841)

as the symmetry operation that leaves the vacuum invariant and thus causes
A, to be massless. We now see that the Higgs mechanism gives a mass to the
gauge bosons, corresponding to the first three generators just listed, by “eating
up” three of the four Higgs fields.

Finally, in order to exhibit the couplings to the gauge fields we rewrite the
covariant derivative appearing in our Lagrangian in terms of the fields A4,, and
Z,. This gives

. g 9 i, Y
D, = au"'lgWu"’lEBu:au‘f'liTWu‘i‘lEBu
2 ’
.9 kyyrk o+ 9 -9
= Outiy ) Wi IS T W+ B,
k=1

2
0, + ig S rEwE igTB (cosIwZ,, + sin hy A,,)
k=1
!

+ i% (— sindwZ, + cosdwA,)

1
= 3#+igsin19W§ (1—|—7’3)A# (842)

g 73 1 .92
——=- 0 Z
1COS§W <2 2( + 73) sin W) w+
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The massless vector field A, is thus coupled to the conserved SU(2) charge-
operator (1 + 73)/2 (see (3.40)). These considerations suggest that we could
have gauged

U = e ie(1473)/2 (8.43)

to obtain the theory of electromagnetism for the scalar field alone. In this theory
the charge is

q = gsindw (% + t3> = gsin dw (%y + tg) , (8.44)
where in the second step we have formally written the charge in the form of the
Gell-Mann-Nishijima relation (3.72). Here y is now the weak hypercharge and
t3 the third component of the weak isospin. In this notation both components
of the scalar field have weak hypercharge y = 1, so that the upper component
is uncharged. The coupling constant is

E=gsindw . (8.45)

Up to this point we have not included any physical particles in our model
except for the scalar Higgs field ¢ and the gauge fields. The major challenge is
now to connect this model with the “real world”.

8.3 Summary of the Higgs Mechanism

In Chap. 6 we have discussed how a Goldstone boson appears whenever a global
symmetry of the Lagrangian is spontaneously broken or hidden. More specif-
ically, we have shown how k massless, scalar particles, the Goldstone bosons,
appear when k symmetries of £ are not also symmetries of the groundstate of
the theory.

If the theory is also locally symmetric then there exist massless gauge bosons.
If such a gauge field theory also exhibits the phenomenon of spontaneous symme-
try breaking then the massless gauge bosons, that transmit the interaction, “eat
up” the Goldstone bosons and become themselves massive. This is the Higgs
mechanism. Only those gauge fields that correspond to an unbroken symmetry
will remain massless.






Chapter 9

Weak Interactions of
Quarks and Leptons

In Chap. 5 we discussed the phenomenology of weak interactions and Fermi’s
theory for the weak interaction Langrangian. This discussion involved only
nucleons and leptons. If quarks are really the constituents of nucleons then a
theory of weak interactions should involve interactions between these quarks.
To develop such a theory is the purpose of this chapter.

Since the weak interaction does not act on the color degree of freedom, i.e.
the charge of the strong interaction, it is diagonal in color space. Formally, this
implies a sum over the color index of the quark spinors in all interaction terms.
In order to simplify the notation, this sum is not explicitly written out in any
of the expressions of this chapter.

9.1 Phenomenological Introduction

In this section we first add two experimental observations to the properties
of weak interactions discussed in Chap. 5. These could not be described by
Fermi’s theory and thus point to the need to generalize the classical theory of
weak interaction.

9.1.1 Strangeness Changing Weak Decays

After the discovery of strange particles it has turned out that the theory as
described in Sect. 5.1 cannot be complete because e.g. flavor-changing weak
decays, like that of the antikaon

K -l (9.1)

cannot be described by it. In this process the strangeness changes by one unit
and this possibility is so far not contained in the interaction. Formally, it can

123
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be introduced by generalizing the hadronic current Jy to a superposition of two
terms, one strangeness-conserving and one strangeness-changing

Jx = cos O, J)(\O) 4+ sin 0, Jil) , (9.2)

where the superscripts denote the strangeness change and 6. is the so-called
Cabibbo angle.

As discussed earlier the weak interaction really acts on the quarks and the
strangeness-conserving vector current is in analogy to (5.9) given by

1
J=5in-y)d (9:3)

If we replace the d-quark by a linear combination of d and s quark
d — cosf.d+sinf. s (9.4)

we obtain for the vector current

1
Jy 5@7,\(1 —v5) (cos b, d + sin 6 s)

1 1
= 5(3059@ iuya(l —5)d + gsint?cﬂ"”(l —5)8
= cosf. J;'(O) + sin 6, J;'(l) , (9.5)

i.e. just the form (9.2). The new elementary process introduced by this gener-
alization is thus the decay

s—u+l+o (9.6)

mediated by the term ~ J{ i~ in (5.7), which makes the kaon decay discussed
above possible.

Since the Cabibbo angle appears only in hadronic processes it leads to a small
difference between the coupling strengths for leptonic and semileptonic decays.
The comparison of both processes actually serves to determine the Cabibbo
angle; whereas for the former the coupling is given by Gy, for the latter it is
0.98 Gr =~ cosf.Gr (see (5.14)). Tt also explains why the weak decay such as
that of the K~ in (9.1) is strongly surpressed: its coupling constant goes like
sin 9(: GF ~ 0.22 GF

The appearance of the Cabibbo angle could be understood by assuming that
the physical d and s quarks, i.e. the eigenstates of the energy-operator of strong
interaction, are not the objects that couple via the weak interaction: what
couples is the linear combination in (9.4).

9.1.2 Neutral Currents

In 1973 a new weak interaction process was discovered when it was found that
neutrinos could be scattered off electrons and nucleons. Since the charge (zero)
of the neutrino does not change during this process the scattering cannot be
described by the interaction (5.13), which contains only charged currents, but
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necessitates the introduction of new interaction terms involving electrically neu-
tral currents. It was also found that the rates for neutral current and charged
current events were of comparable magnitude. Thus, the coupling strengths for
both processes had to be about equal.

When more experiments on neutral current interactions involving hadrons
became available, it was also found that there existed only AS = 0 events,
i.e. events without a strangeness change [PER87]. This poses immediately a
problem since with the mixed d-quark of (9.4) one obtains together with a
AS = 0 current automatically also a AS = 1 contribution.

9.2 Intermediate Vector Bosons

We have briefly mentioned at the end of Sect. 5.1 that Fermi’s theory runs into
difficulties in the description of high-energy processes where it violates unitarity
constraints on the scattering amplitudes. This is actually easy to see. For
example, for the reaction v, + e~ — pu~ + v, (see Fig. 9.1) the total, angle-
integrated cross section is given by [SCHSS8]*
Gf
o~ s (for s > m2)

which exceeds already for energies \/s > 700 GeV the bound imposed by uni-
tarity for an s-wave scatterer such as the point-interaction of Fermi’s theory

47
o< —
S

We have already mentioned at the end of Sect. 5.1 that this problem arises
mainly because a point-like interaction, which is constant in momentum space,
enables infinite momentum transfers. A cure for this problem may therefore lie
in the introduction of very heavy vector mesons that transmit the interaction.

We thus now take a closer look at the idea of introducing such heavy inter-
mediate vector mesons into the theory of weak interaction. As we have discussed
in Sect. 5.1 the general form of the weak interaction Lagrangian Leax is that
of a current-current interaction; e.g. for the neutrino-electron scattering Lyeax
is given by (5.15)

n Gr _ _
ea(T) = Noile (1—7s)eey* (1 —s) ve

- TER@) (9.7)

The last version of £, ., is reminiscent of the current-current interaction in

wea;

electrodynamics where

2
1 - -
3./ SO LS
Lem(z) = = /d T 7 fIlj(aj) J@y . (9.8)

€
™

1The Mandelstam variable s is the square of the total four-momentum of both particles
(s = (p1 + p2)? where p; and ps are the four-momenta of the two reaction partners, thus in
the c.m. system s = square of the total energy).
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Formally, by replacing

62 1 4GF
— —
Ar [T — @ V2

we obtain (9.7) from (9.8). The weak interaction (9.7) thus describes a zero
range interaction.

This latter can also be written as the potential resulting from the exchange
of a very heavy meson W of mass m

8

§3(& — &) (9.9)

1

9 |
9- -mlz-7'| 9.10
)i — 7| (9.10)

V(jZ— ) =

Here g is the coupling constant corresponding to the charge e in the Coulomb
case. Taking the limit m — oo and using the general relation

Jim = |;||x @ (9-11)
yields
Lo = [ @2 V(E- 2D @5@)
moco g N =
2 (2)j~ " (2) (9.12)
and thus
iGr_

T-5 (9.13)

Assuming, guided by the similarity of the current-current interaction to that in
electrodynamics, g2 ~ €2, and taking for G the value given in Sect. 5.1

Gp~1-107°/m? (9.14)

Figure 9.1: Feynman diagram for neutrino-electron scattering



9.2. INTERMEDIATE VECTOR BOSONS 127

gives
m~ O(100) GeV | (9.15)

corresponding to a range of d ~ 1/m ~ 2 - 1073 fm, which would be consistent
with all experimental observations.

That (9.10) really describes the potential due to the exchange of a heavy
meson can be seen by deriving the propagator, i.e. the momentum-space rep-
resentation of the potential, for vector-bosons. Such bosons obey the Proca
equation (2.22)

"0, W,, — 0,0°W,, + m*W,, = j, , (9.16)

where j, now constitutes the source term. By taking the divergence of both
sides of (9.16) we get

m2*o'W, = otj, . (9.17)
Therefore, (9.16) becomes
"W, +m* W, = j,+0,0°W,
. 1.,
= Ju + 6N (Wa .71/)
1 37
= Guv + Waua,, J . (918)

The component W, thus fulfills a Klein-Gordon equation with a modified source-
term. For the Klein—Gordon equation the momentum-space representation of
the propagator? reads

i

(o) = (9.19)

g% —m?2 +ie

so that the propagator for the Proca equation assumes the form

—i qu.qv
D) =——"—— ( v — ) . 9.20
14 (Q) q2 _ m2 + i€ gH m2 ( )

In coordinate space and for a static case this propagator indeed leads to a
potential of the form (9.10).

With the propagator (9.20) we are now prepared to calculate again the cross
section for the inverse muon decay,

vyte—pu+ve

mentioned at the beginning of this section. In a diagrammatic representation
this process can be represented by the Feynman graph shown in Fig. 9.1; the
calculation of this graph is given in detail in [SCH88, QUI83]. For ¢*> < m?
the propagator reduces to a constant in momentum space, i.e. a point-like

2Remember that the propagator (= Green’s function) in coordinate space equals the po-
tential of a point charge localized at x = 0.
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interaction, so that the low-energy behavior of this theory is that of Fermi’s
theory. For ¢? > m?, however, the interaction is cut off and the high-energy
behavior of the cross-section improves significantly [SCH88, QUI83].

These considerations show that Fermi’s theory of weak interactions could be
considered as the limiting case of a theory in which, like in electrodynamics,
the forces and interactions are mediated by the exchange of vector mesons.
These mesons must fulfill at least one obvious requirement: they have to exist
both in charged and in neutral varieties since both charged- and neutral-current
weak processes exist. Furthermore, these mesons must be quite heavy as just
discussed.

Unfortunately, the unitarity problem reappears as soon as processes are con-
sidered in which the vector mesons appear as outgoing particles as, for example,
in v, + v, — Wt + W~. Contrary to the corresponding QED process of anni-
hilation (e~ + et — v + ), the cross section here diverges again quadratically
with the c.m. energy; this divergence is entirely due to the longitudinal polar-
ization degree of freedom of the massive W-bosons, which does not exist for the
massless photon in the corresponding QED process [QUI83).

The higher order diagrams for this scattering process will all diverge with
even higher powers of s because of the term g, ¢, in the vector meson propagator
that introduces new divergences in each order of perturbation theory. The model
formulated so far is thus clearly not renormalizable.

Some guidance for a possible solution of this puzzle may be obtained by
looking at the process e™ + e~ — « + v which also involves two incoming
leptons and two outgoing vector particles. Here the transition amplitude stays
finite because of a cancellation of divergent terms in the direct and the crossed
diagram. In this process, of course, no longitudinal polarizations appear because
of gauge invariance. However, this cancellation mechanism gives a hint that
also for the weak interaction theory convergence could possibly be achieved if a
crossed diagram, this time necessarily with a different — still to be introduced —
massive particle, appears.

9.3 Fundamentals of a Theory of Weak Interac-
tions

In the preceding section we have modeled the theory of weak interactions after
the theory of quantum electrodynamics, an Abelian gauge field theory. That the
coupling constants between, and therefore the “weak charges” of, hadrons and
leptons are the same suggests that there is a non-Abelian gauge field theory
underlying the weak interactions since such theories possess the property of
universality as we have discussed in Sect. 7.3.2.

We will therefore now proceed to construct a non-Abelian gauge field the-
ory for the weak interaction. In doing so we are immediately faced with two
seemingly contradictory facts:

1. In gauge field theories the field quanta that transmit the interactions must
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be massless (cf. our discussion in Chap. 7). Furthermore, the theory can-
not involve massive vector mesons because then it would violate unitarity
at very high energies and would not be renormalizable.

2. The phenomenology of #-decay indicates an extremely short-ranged inter-
action that requires a very large mass for the transmitting vector bosons.
The presence of charged and neutral currents requires the existence of
these vector bosons in three charge states.

The resolution of this problem is provided by the phenomenon of sponta-
neous symmetry breaking discussed in Chaps. 6 and 8. There it was shown
how this mechanism could be used to generate masses for interacting particles
while simultaneously respecting the local symmetries of the Lagrangian that re-
quired massless particles. The same phenomenon is needed here. In Chap. 8 we
have shown that several new features emerge when the spontaneous symmetry
breaking takes place in non-Abelian gauge field theories. These results we will
use in the next chapter to construct a theory of weak interactions, based on a
non-Abelian gauge field theory.






Chapter 10

Electroweak Interactions of
Leptons

We will now use the knowledge gained from the model-building in Chap. 8 to
construct a theory of the weak and the electromagnetic interactions of physical
particles. In this first chapter we will consider only the interactions between
leptons, restricting for simplicity ourselves first to a treatment of the electron
and its neutrino.

10.1 Leptonic Multiplets and Interactions

In Sect. 8.2 we have seen that a locally symmetric SU(2) ® U(1) gauge field
theory that allows for spontaneous symmetry breaking leads to desirable prop-
erties in the Higgs and gauge-boson sector. It is, therefore, tempting to use this
model as a basis for the theoretical description of weak interactions between the
leptons.

If we want to maintain the mentioned symmetry in the presence of leptons
we have to specify the transformation behavior of the leptons, in other words, we
have to assign the leptons to SU(2) multiplets. As guidance for this assignment
we can use the observation discussed in Chap. 5 that in the phenomenological
theory of weak interactions the charged currents can be expressed in terms of
the SU(2) generators ¢+ acting on the lepton spinor (5.5)

Lo = ( Ve ) . (10.1)

We could, therefore, assume that L. forms the SU(2) doublet of the theory.
There are, however, two obvious problems with this identification. First, it can
obviously be correct only if electron and neutrino have the same mass, which
they do not have in nature. We postpone this problem here, keeping in mind
that our theory can be correct only at high energies > m. where the restmass
no longer matters.

131



132 CHAPTER 10. ELECTROWEAK INTERACTIONS OF LEPTONS

The second problem with the ansatz (10.1) appears since so far a right-
handed neutrino has not been found; we thus assume that the neutrino exists
only in the left-handed state. Then we have

v, = %(1 —BIW=v . (10.2)
An SU(2) rotation could interchange the character of v and e in the spinor, but
it could not change the helicity. Therefore, only a left-handed electron could be
produced in such a rotation.
We thus have to assume that the SU(2) doublet is not described by (10.1)
but instead by

11—
L= ( VL >_ 21( LN (10.3)
eL 7(1—=s5)e
The right-handed part of the electron is then assumed to form an SU(2) singlet
1
R=er = 5(1 + ’}/5)6 ; (104)
a right-handed neutrino has not been found'; note that

e=er+er . (10.5)

This implies that the relevant symmetry group is just the left-handed SU(2)r,
introduced at the end of Sect. 5.3.1.

The Lagrangian also exhibits a general U(1) symmetry. Thus, acting with
the U(1) transformation on the Higgs field ¢ gives

¢ — e Wt (10.6)

Since we have introduced two different fermion multiplets, L and R, the La-
grangian is invariant under two different U (1) transformations acting separately
on L and on R. Gauging those would generate two massless gauge-bosons, con-
trary to experiment. We therefore — rather arbitrarily — assume the existence
of a common U (1) symmetry

L — ewep

R — e WR°R, (10.7)

where yr and yy, are the charges (fixed numbers) to be determined later and
the parameters ¢ are the same in both transformations and in (10.6).

After gauging the U(1) and the SU(2) symmetries the complete Lagrangian
can be written down in analogy to the considerations in Sect. 8.2 by adding the
properly gauged term for the fermions. It then reads

L = Liy"D,L+ Riv"D,R+ (D"¢)'(D,¢)
1 1
—V(@'¢) = ;G Gy = JFMEyy (10.8)

1See,however, the note on p. 135 on a possibility to include a right-handed neutrino
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with
V(6'6) = 5266+ 5N (60) (10.9)

This Lagrangian describes a system of fermions (L, R) and self-interacting Higgs
particles (¢) in the presence of SU(2)®U (1) gauge fields. The SU(2) symmetry
group is that involving the weak isospin and the relevant U(1) group is that
involving the weak hypercharge as the generator, as we will see again below.

Since we work with a common U (1) symmetry, after gauging there is also
only one common gauge field connected with it. The covariant derivative there-
fore reads

Yy
2
(see (8.21)); it defines the coupling between the leptons and the gauge-bosons.
Note here the extra factor y; in the last term that depends on the field on which
D,, acts. This has to be introduced because, when gauging the Abelian U(1)
symmetry, the various fields, in this case L, R and ¢, can couple with different
coupling strengths. We thus have to allow for different ¢’s, or, in other words,
for different factors y¢, in D,L, D,R and D,¢. The factors g'ys give just the
various conserved charges connected with the U(1) symmetry.
These factors can be obtained from considering the covariant derivative D,,
in the lepton sector

!
T .
D, =0, + 195WZL +ig' - B, (10.10)

l
D,L = <au + 1g%W[L + ig’%B#) L . (10.11)

Rewriting this in terms of the fields Z, and A, (see (8.37),(8.38)) yields (cf.
(8.42))

1
D,L = <aﬂ +igsindw (ur + Tg)A#> L+... . (10.12)

Thus, if we are aiming at identifying the massless field A,, with the electromag-
netic field, then we have to identify the factor in front of A, with the electric
charge of the field involved. In other words, here a relation between charge-
number and isospin has to hold

. %yL Gty (10.13)
with t3 = 73/2. Equation (10.13) is formally the same as the Gell-Mann—
Nishijima relation known from SU(3) (see (3.72)). This similarity has led to the
name “weak hypercharge” for y which, however, appears here as a consequence
of U(1), and not of SU(3). We now assume that this relation holds not only for
the SU(2) doublet L, but also for the singlet R and the Higgs doublet ¢, and
that it reflects a general connection between conserved operators. This result
is a direct consequence of the fact that we have taken SU(2)r, ® U(1)y as the
relevant local symmetry group of our problem.
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We now briefly discuss the symmetries of the vacuum state which we take
as in Sect. 8.2 as

Po = ( v/?ﬁ ) (10.14)

for u? < 0. The Higgs field forms a weak SU(2) doublet just like L; its isospin-
components must therefore have t3 = £1/2. Since the particles corresponding
to the field ¢ have not been observed so far, we do not know their charges.
However, if we require that the physical vacuum of the theory (10.14) should be
uncharged, then the lower component of the SU(2) doublet ¢ must have ¢ = 0.
Eq. (10.13) then requires y, = 1.

It is obvious that the vacuum state is not invariant under any weak SU(2)
transformation nor is it invariant under the group U(1)y since the generators
of both groups do not annihilate the vacuum. However, a special combination
of generators does annihilate ¢

<%y+t3) $o = ( (1) 8 >¢o =0 , (10.15)

where we have used y, = 1. Thus the full symmetry group has been sponta-
neously broken down to the gauge group of electromagnetism, U (1)em, generated
by the transformation

Uy = e—5@(047)/2 _ —ic@a (10.16)

where ¢ is the electrical charge matrix of the two-component field acted upon
by U (see (3.72)). This is just the symmetry group of QED; the corresponding
gauge-boson will remain massless whereas the other three acquire a mass due
to the Higgs mechanism. We will, therefore, later identify the massless gauge-
bosons with the photons.

Relation (10.13) allows us to determine the weak hypercharges from the
known charges and weak-isospin quantum numbers. For the left-handed doublet
we obtain

Ve : t3:—|—l; q=
e. B ? B = gy =-1
€y, : t3——§, q——l

The y quantum numbers must, of course, be the same for both left-handed
leptons because their spinor is affected by U(1)y as a whole.

In exactly the same way y can be assigned for the right-handed electron field
er which forms an SU(2) singlet

er :t3 = 0; q:—l = yR=—2

For the Higgs field we obtain, using (10.13) from

P2 ts =—3; q=0; y=+1 (10.17)
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the properties of ¢

1
¢1  ty3=+=; q¢=+1; y=+41 . (10.18)

9 )
We now return to a discussion of the Lagrangian (10.8) which can be written
as

L = Lo+ Lint + LHiggs - (10.19)

Here Lj is the Lagrangian describing free leptons and free gauge fields, Lint
contains all the interactions between leptons and gauge fields and Lyiggs contains
all terms involving the Higgs field ¢. According to the general philosophy of
gauge field theories all interactions between the physical particles and the gauge
fields are generated by the covariant derivatives. These are given by

7! .1
D,L = (8H+195Wl5—1g'§BH>L
D,R = (0,—1i¢B,)R
t 1
D¢ = (6H+ig%Wft+ig'§Bu>¢ . (10.20)

There is no term ~ g in D, R because of 7'R = 0 since R is an SU(2) singlet.

Note that a right-handed neutrino, if it existed and were introduced into the
theory as a singlet, just as the right-handed electron, would have the following
quantum numbers

vr:t3=0; ¢g=0 = y=0

It would thus experience no direct coupling to any of the gauge fields and thus
effectively decouple from the electroweak interaction. The absence of a right-
handed neutrino is thus automatically accounted for by this theory if this neu-
trino is also assigned to an SU(2) singlet. This is an example of a so-called
sterile neutrino.

We now turn to an explicit calculation of the interaction terms generated by
the covariant derivatives. The interaction Lagrangian is thus given by

_ l 1 _
Ling = ILAy* (—Q%Wi + 9/§Bu> L+ Ry"(¢'Bu)R

g7 9 7 o
—5L7“TlWﬁL + ELv“BHL + ¢ Ry"B,R . (10.21)

With

Lr'L = (v e)((l) (1))(:)
L2 = (o é)<? Bl)<2)
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LTL = wv—ee (10.22)

(the index L in the isospinor components has been dropped for convenience) we
obtain

Ling = —g (7" er + ey vL) W,y — i (yer, — eny o) W]

g, _ _
-3 ('L — eyten) W
/

+ % (DL")/MI/L + EL’}/HBL) B#
+g'ery'er B, . (10.23)

We now rewrite this Lagrangian in such a form that the physically relevant
fields, to which the various currents couple, become obvious

Ling = —g (ﬂLv“eL) (Wj — 1W3)
— g (éL’y‘ul/L) (Wﬁ + lWi)
1, _
) (L) (W) — g'By)

1
+ B (eLy"er) (QW;’ + 9 By)
+g'eryter By . (10.24)

This form of Liy; shows clearly that the “charged current” 7r7y,er, does not
couple to W, and W7, but instead to the charged field

€
V2
Since Lin is charge conserving, W), is a field of positively charged W-bosons,
WJ that of negatively charged ones. Note that these two combinations also
form the t3 = +1 members of a t = 1 iso-triplet (see the discussion following
(7.29b)).

We next perform the transformation (8.37),(8.38) from the fields W and
B, to the fields A, and Z,, and introduce the Weinberg angle tandw = ¢'/g

W,=—(W,—iw7) . (10.25)

W3 _dB. — 9 7 10.26
IV =9 Zu cosVw M ( )
gWi +4¢B, = cosgﬁw [2cosdw sindwA, + (1 — 2 sin? Iw) Z,] -
This transformation gives
g
ﬁin = —— (U “6 W + h-C-
t \/5( LY €L Wy )
1
(') Z,

"~ 2cos Jw
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1
z 5 Al
2 cos Uw (ery"ev)
X [2 sinYw cos 9w A, + (1 — 2 sin® Yy ) ZH}
+ gtandw(ery'er) (—sindw Z, + cosdwA,,) (10.27)

= - % (myter, W, +hee. )

+ gsindw (eLy*er, + ervy'er) A#

1
- = vy L) Z
2 cos Vw (y") 2,
1 — 2sin® dw sin? Ow
-~ (ety* Z, — erY" Z, .
2 cos Uw (ey”er) Zu gcosﬁw (era"er) Zu

Note that because the fields Wﬁ and B, are uncharged also Z,, and A, carry
zero electrical charge.

We remember now (see Sect. 8.2) that the spontaneous symmetry breaking
process made Z, massive, whereas A, remained massless, corresponding to
the existence of one generator of the SU(2)r, ® U(1)y group that leaves the
vacuum invariant (1/2y + t3). The massless vector field A, is now identified
with the electromagnetic field. With this identification the neutrino-current
should couple with zero charge to A,,, whereas the electron should couple with
the charge —e. Indeed, no term coupling the electrically neutral neutrino and
the electromagnetic field appears in (10.27).

The electron current terms coupling to A, read

Ling, 4 = gsindw (eLyuer + éryuer) A* . (10.28)
The sum of left-handed and right-handed currents gives

1
cLYueL teRMueR = [ef(1 = v5)707u(1 — ¥5)e
+ T (14 75)%07u(1 + s )e]
= éye , (10.29)

so that the electromagnetic coupling term in (10.26) simply reads
Ling,a = e (eyue) A" . (10.30)

This is just like the normal current-field coupling of QED, if we identify the
electric charge with

e=gsindw . (10.31)
Next, the terms coupling to the field Z,, are rewritten. We obtain for these
terms (see (10.27))
1

g _
Lin = —= [
“Z 2 cos Yw (L)

-9 (1 — 2sin? 19w) (eryuer) +2g sin? Yw (éR'YueR)] A
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g 1
2 costw 4

— (1 — 2sin? 19W) eT(l - 75)70%(1 —75)e
+ 2sin® dw el (1 4+ 5)707. (1 + 75)e] Z2*

[T (1 = 75)707.(1 — 75)v

g _ . _
=~ Toosgw P =5y = (1= 2sin® dw) @7.(1 = 75)e

+ 2sin® dw ey, (1 + ys)e] 24 . (10.32)

Here we have used v, = (1 — y5)v = v.

Collecting all the various terms, i.e. the charged current interaction from the
first line of (10.27), the electron’s electromagnetic current from (10.30) and the
neutral current from (10.32), the total interaction Lagrangian L, of (10.27)
becomes

N ”
Lint = \/5(2V’7M(1 ~vs)e WH# 4+ h.c. )

+ eeyue A

g 1_ 1 . _
" cosdw |:§V’7MI/ 1 (1- 2 sin? Iw) &vu(1 —75)e

1
+3 sin® Yy ey, (1 + 75)6] zr . (10.33)

10.1.1 Electroweak Currents

We now write the electroweak interaction Lagrangian (10.33) in a more compact
form by defining

I = < VL > and Iy =eg . (10.34)
er,

With the help of I, we can define the charged current

2

. 1_

g (@) = 57t —as)e = D lewutle (10.35)
(=1

the electron’s electromagnetic current

e _ - 1
]#l = eyue= —;lz’y# <§y+t3> lz
= = lyudle (10.36)
)
and the neutral current
. 1_ 1 . _
]2 = VWV 1(1 — 2sin? dv) evu(1—ys)e

1
+ 3 sin? Yy &7, (1 + 7s)e
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_ 1
= Zlg"y# <t3 — <§y =+ t3> sin2 ﬁw) ly
¢
= Zz‘m (ts — gsin® Iw) e . (10.37)
¢

Here ¢ is the charge operator in the internal space (10.13) and the sums run
both over the left-handed and the right-handed lepton multiplets. Note that
there are axial currents hidden in (10.35) and (10.37).
With the currents (10.35), (10.36), and (10.37) we can write the interaction
Lagrangian (10.33) also in the following form
Liy = elj9A4F — ———— (jFWH" +hec.
¢ (JH V2 sin Oy (]H )
1 0
s a—— /e . 10.38
sin Yw cos ﬁwj“ ) ( )
This is the central expression of the theory developed so far. It contains an
interaction between a charged current and the charged vector mesons W and
W1, the electromagnetic interaction and a new term that was not present in
Fermi’s theory and that describes the coupling of a neutral current to an un-
charged boson field Z,,. We will discuss various physical processes mediated by
these interactions in the following section.

10.2 Lepton Masses

There is a final problem to solve, namely that of the electron mass, which so
far had to be assumed to vanish so that we could form the basic isodoublet
consisting of neutrino and electron. We now show that also the electron mass
can be generated by spontaneous symmetry breaking thus respecting all the
symmetries of the Lagrangian.

This can be achieved by simply adding a Yukawa-coupling term of the form

Ly =—ge (R'L+LoR) . (10.39)
This interaction has all the desired symmetries. Since (with U = Ugsy(2))

URU™' = R

ULU™ = e €'%L

UgU™' = e €'5g | (10.40)
we have

URG LU = RoTeP = Te 5L = RY'L . (10.41)

In the same way we can show the U(1) invariance (U = Uy1))

URYILU! = Re=#eplet®etieL = RoTL (10.42)
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using the correct charges for each field.
From the vacuum value for the Higgs field ¢ we now obtain

Ly = —ge%ée (1 + %) , (10.43)

from which we can read off the mass of the electron as

v

Me = Je——= 10.44
9e 75 ( )

10.3 Electroweak Interactions

In this section we will discuss all the various interactions contained in the the-
ory that we have developed so far. For this purpose we first write the total
Lagrangian of the model considered so far by collecting the various terms from
(8.29), (8.39), (8.40), (10.43) and (10.44).

The Lagrangian (10.8) is then, after spontaneous symmetry breaking, ex-
panding around the vacuum Higgs field ¢y and mixing of Wﬁ and B, into the
electromagnetic field A, and the neutral field Z, given by

1 1
E == - ZG’MU . GHV - ZFHVFHV

2 1 2
+ MR (1+ %) + 5 M3Z, 2" (1+ %)

+ eiy,0"e — meee (1 + f) + viry, 0"y
v

e 1
— m <§DFY,U.(1 — 75)8W'u + h.C. >
w

+ eeye A (10.45)

‘ 51— 75)
- | =D — 5V
sin 9w cos 9w \ 4 Tu Re

1—2sin®¥ 1
- %évu(l —v5)e+ 3 sin® Iy €7, (1 —i—m—,)e) Vs

1 1 o 1 /p\2
- Hoo) — Zam2 52 r,o-(x
+ 5 Oup) (9"9) = gmigyp <1+v+4( ))

v
with the Higgs boson mass my = \/——/ﬂ, the Weinberg angle

costhyw = — (10.46)
and the vacuum field

QM 2M
v="N o Woin gy (10.47)
g e
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Figure 10.1: Coupling between fermions and gauge-bosons

Here only the electron and the electron’s neutrino field are written out explicitly;
the other leptons can be treated analogously. The parameters of this theory are
thus

e, sin ¥y, me, My, myg . (10.48)
The various interactions contained in this Lagrangian are

1. an electromagnetic interaction between the electron-current and the elec-
tromagnetic field, (Fig. 10.1, upper left corner),

2. interactions between the charged gauge-bosons and the leptons, corre-
sponding to the ‘classical’ charged current weak interactions, (Fig. 10.1,
lower left corner),

3. a new form of interaction that involves neutral currents coupling to the
neutral gauge-boson Z,, with a strength that is fixed by the other pro-
cesses (Fig. 10.1, right column). Notice also that this term contains dif-
ferent couplings of the right-handed and of the left-handed component of
the electron with a well-defined ratio (see (10.27), Fig. 10.1, upper right
corner),

4. an interaction between the gauge-bosons W,,, Z,, and A,, contained in the
nonlinear parts of the field tensor G, (Fig. 10.2),
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Figure 10.2: Couplings between gauge-bosons. All these couplings originate in
the kinetic terms involving the tensors G, and F),,
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5. interactions between the gauge-bosons W, and Z,, and the Higgs field ¢
that are directly proportional to the square of the masses Myw and My,
respectively, (Fig. 10.3),

6. an interaction between the electron and the Higgs field that is proportional
to the electron’s mass, (Fig. 10.3),

7. self-interactions of the Higgs field ¢. (lowest row in Fig. 10.3).

From the Lagrangian (10.45) we can easily see that all the couplings to the
Higgs particles are proportional to m,e or M\%V)Z, where m, is the mass of the
electron and M the mass of the gauge-boson.

The last term in the Lagrangian (10.45) is represented by the graphs in
the right column of Fig. 10.1. It involves, as already briefly mentioned above, a
neutral current, which is charge-conserving, and does not appear in the classical
Fermi theory of 8-decay. This neutral current contributes, for example, also to
the neutrino-antineutrino annihilation discussed at the end of Sect. 9.2. It can
be shown [QUI83] that its contribution exactly cancels the diverging parts of
the charged current graphs and thus leads to finite cross sections. Indeed, one
can show [ITZ85] that this theory is then also renormalizable.

10.3.1 Generalization to Other Leptons

The electroweak interaction Lagrangian written down in the last section involves
only the lightest leptons, the electron and its neutrino. The generalization of
the theory to the other known leptons p and 7 and their neutrinos is, however,
straightforward. These can be incorporated by defining spinor representations
also for the other families of leptons such that the left-handed particles form
weak SU(2) doublets and the right-handed particles form SU(2) singlets

Iy = ( 75) or ly=1Ig , (10.49)

and summing over all leptons ¢ = e, p and 7 in all the currents. The total
Lagrangian is then

L=Lo+Lu+ Y Ly+ Y L , (10.50)

leptons leptons

where L describes the free fermions and the free gauge-bosons, Ly the Higgs
field and its interactions, Ly the mass-generating Yukawa terms for all the
leptons and Liy¢ finally the interactions between the leptons and the gauge
bosons.

10.4 Parameters of the Lagrangian

In this section we will discuss how the parameters of the Lagrangian (10.45)
can be determined, for the charged currents by comparison with Fermi’s theory
of B-decay and for the neutral current interaction with the help of high-energy
experiments.
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Figure 10.3: Couplings involving the Higgs boson
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Figure 10.4: Lowest order Feynman graph for p-decay

10.4.1 Charged Current Experiments

In this section we determine the parameters (10.48) of the Lagrangian (10.45) by
making contact with Fermi’s theory of the weak interaction, which is empirically
highly successful in its description of low-energy weak interaction processes.
For this purpose we consider a process involving a charged current such as
7yu(1 —vs5)e. Such a current occurs, e.g., in the muon decay, discussed in Sect.
5.1, represented by the Feynman graph shown in Fig. 10.4.

Since this is a process of second order in the coupling, we obtain the S-matrix
element as

—i)?
s = Shwel [ @ [ €T Gt ) e

with the charged currents

. 1_

i@ = Smmn-s)e

. 1_

@)oo= genl-me . (10.51)
For processes at low energies which involve only small momentum transfers

¢ < M

this goes over into

S = —i (%)2 MLVQV/d‘*xj“(:c)jA(x) . (10.52)

In Fermi’s theory the S-matrix element for the same process would read
(now in first order perturbation theory)

Spi = —i%m / dtz 7N @)gy (@)l) (10.53)
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so that by choosing

4Gr (g \* 1
= (%) e (10:54)

we would obtain the same transition rate as with the second order S-matrix
element (10.52).

Since Gr is experimentally well determined, the ratio (g/Mw)? is thus
known. Note that the “weak” interaction appears to be weak only because
the true coupling constant is divided by the square of the large mass Myy. With

Gy =1.03-107°/m}, (10.55)
we have
2
g 8Gr -5 -2
) == =66-10"°GeV? . 10.56
(Mw> V2 ( )

This equation also explains quite naturally why Fermi’s coupling constant Gg
carries a dimension whereas, for example, the electromagnetic coupling constant
e? ~ 47 /137 is dimensionless.

10.4.2 Neutral Current Experiments

The Lagrangian (10.38) contains in addition to the known weak and electromag-
netic interactions in its last line the coupling of a neutral current, i.e. a current
in which the two field operators carry the same charge, to the uncharged massive
boson field Z,,.

As we have already discussed in Sect. 9.1.2 the presence of the neutral cur-
rents was first observed in 1973 in experiments such as

v,+e —v,+e

The observation of this interaction impressively verified the prediction of the
theory of electroweak interactions developed so far, since the process just men-
tioned can take place only if there are neutral currents.

We will now discuss one experimental evidence for the presence of this in-
teraction, namely the asymmetry observed in the reaction

et+e —put+pu

that was observed in experiments at PETRA, the positron—electron storage ring
at DESY, in 1982-1985. This process is dominated by the electromagnetic cou-
pling, but contains also a contribution from the neutral current part of our
Lagrangian. The relevant Feynman graphs are shown in Fig. 10.5; the corre-
sponding amplitudes have to be added coherently.

For low energies in the entrance channel this process is dominated by the
electromagnetic interaction (left) because of the large mass of the Z-boson that
appears in the boson-propagator (9.20). The resulting angular distribution
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+ — +

e e e e

Figure 10.5: Feynman graphs for et +e™ — pt 4+ p~

is symmetric around 90° in the cm-system because the interaction is parity-
conserving.

At higher energies, however, where the momentum transfer becomes com-
parable to the Z-boson mass, also the right-hand graph, involving the exchange
of the Z-boson, becomes relevant so that the total transition rate is given by
the coherent sum over both amplitudes. The ensuing interference term between
both amplitudes is not parity-conserving. Consequently, the resulting angu-
lar distribution exhibits an asymmetry around 90° from which sin? 9w can be
determined. One finds

sin? Yy = 0.231 . (10.57)

Note that with this value for the Weinberg angle (sin® dw ~ 0.25) the neutral
current is nearly a pure axial vector.
Using
€2 = g?sin? Py & (10.58)
137 '
we can now determine
02
9> = —— =0.398 (10.59)
sin” Yw

and (from (10.55))

My = 777 GeV

M
My, = W —88.6GeV . (10.60)
cos Hw

The actual experimental values for these masses, determined in pp reactions are
Mw = 80.4 GeV and Mz = 91.2 GeV, the differences to the estimates given
above are due to radiative corrections. Thus the values obtained from quite
different reactions are consistent with each other.
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This consistency allows one to determine also the vacuum field value (10.47)
of the Higgs field

2M
v= TW ~ 245 GeV (10.61)

as well as the Yukawa-coupling constant g. that generates the electron mass

V2 _
ge:M:?)-lO 6 (10.62)
v

Note that the mass of the Higgs particle, my = \/—pu2, nowhere enters into
any of these parameters. It thus remains completely undetermined by these
expressions.

Using the same arguments as employed in the preceding section for the
charged current now also for the neutral currents gives for the complete inter-
action Lagrangian (10.38)

1
4 M2 2
Ling = —<%> (W +hee. )
+ejil AP
1
M2 2
- (86% Z) oz (10.63)

by using relation (10.54) between Gy and g. In order to obtain an effective
Lagrangian, valid at low energies, we use

g 1
wrh = 9~
V2 g’
g I 5
zr = — R— 10.64
cosﬁwM%j ’ ( )

obtained by neglecting the momentum transfer in the propagators compared to
the gauge-boson mass. This gives the effective Lagrangian

Lar = 2 (737 + 2" 55) (10.63)
which is just Fermi’s interaction Lagrangian (5.2), except for the additional
neutral current coupling term.

Thus, all parameters, except for the Higgs mass, can be determined from
low-energy phenomena. The Higgs mass can only be estimated. An upper limit
is usually obtained by noting that the theory outlined so far works very well on
the mean field level, i.e. by assuming that all fields can be treated as classical
fields; this corresponds to a neglect of all loop diagrams. This can be true only
if the Higgs mass is not too large since otherwise, for example, the selfcoupling
of the Higgs field ¢, which is proportional to the square of the Higgs mass my
(see (10.45)), would become too strong, so that a theory that replaces (in this



10.4. PARAMETERS OF THE LAGRANGIAN 149

case) (0]¢*]0) by (0|¢|0)* would not work. An estimate for the range of validity
of such an approximation gives upper limits of a few hundred GeV for the Higgs
mass [QUI83|. Similarly, a lower limit can be obtained by noting that for too low
Higgs masses my the vacuum fluctuations would become very large so that one
could no longer work with a fixed value v for the vacuum expectation value of the
Higgs field. Both considerations together place the Higgs mass somewhere in the
range 50 GeV < mu < 1000 GeV. More detailed calculations of the radiative
corrections to the accurately known W mass and the top quark mass together
with (negative) results obtained from Higgs-searches at the accelerator LEP at

CERN restrict the Higgs mass to about 114 GeV S mu < 251 GeV with a most
probable value around 117 GeV. Because the couplings of the other particles in
the theory to the Higgs particle are always proportional to the square of their
masses, the Higgs particle is expected to decay into the heaviest particles that
are energetically accessible.






Chapter 11

Electroweak Interactions of
Quarks

So far we have considered only electroweak interactions between the leptons. In
this chapter we will now extend this discussion to processes involving hadrons.

This extension is achieved by considering the electroweak interactions of
quarks, the building blocks of the known hadrons. The task then is to find the
relevant currents that couple to the fields W, Z, and A,,.

11.1 Hadronic Multiplets and Interactions

It is easy to guess these currents by considering, for example, the 5-decay of the
neutron

n—pte +v . (11.1)

In quark language this corresponds to a change of one down-quark into an up-
quark

d—u+e +0 | (11.2)
which could be mediated by a current of the form
g = uy.ld (11.3)

for the quarks; T' here is some operator acting on the Dirac indices. In our
discussions of quark models for the hadrons in Chaps. ??7 and 7?7 we will see
that

r=30-n) (11.4)

explains the observed properties such as the axial coupling form factor of the
nucleon. Here we use (11.4) because with it the quark currents have the same
structure as those of the leptons.

151
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The close similarity of the hadron current (11.3) with that for the leptons
(10.35) suggests to introduce a new left-handed SU(2)-doublet made up of the
up- and the down-quark (we postpone the introduction of the heavier quark
flavors for a little while). We thus define a left-handed doublet of quarks

l(l — V5)u ( U ) 1
2 L

= y== 11.5
31— 5)d a ) V=3 (11.5)
with the weak hypercharge y = 1/3, as required by the relation between charge
q, isospin t3 and weak hypercharge y in (10.13): ¢ = y/2 + t5.

The two right-handed up- and down-quarks are then assigned to an SU(2)-
singlet each

1 4
R, = 5(1+75)U=UR (y:§)
1 2
Rq = 5(1+”Y5)d:dR (y:—g) : (11.6)

The hypercharge assignments given here are again necessitated by the general
relation between charge, isospin and t3, i.e. ¢ = y/2 + t3. Compared to the
leptonic case, where the neutrino was purely left-handed, there are now two
right-handed singlets instead of just one.

Again, as for the leptons, we assume that the quarks are originally massless
and acquire their mass only due to spontaneous symmetry breaking.

With these new fields we can go through exactly the same considerations as
before for the leptons. The interaction between the quarks and the gauge fields
is thus obtained by simply replacing v and e by u and d, respectively, in the
interaction Lagrangian (10.33).

We thus obtain, by following exactly the same steps as in Sect. 10.1 for the
leptons, a theory that treats the quarks on the same basis as the leptons. This
yields an interaction Lagrangian as in (10.38)

Ling =€ (jf)A“ ~ endw (jpW# +he. ) — mjﬁZ“> (11.7)
with the currents (see (10.35), (10.36), (10.37))
G= ) Gt (11.8)
k
it = = e (11.9)
k
3= Y @ (ts —gsin® dw) g (11.10)

k

The gqi describe the newly introduced quark multiplets
g =L, or g =R, or q.=Rq . (11.11)

The sums thus run over all quarks; ¢ is the charge defined in (10.13).
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11.1.1 Strangeness-changing Weak Decays

The generalization of the leptonic interaction to one that includes hadrons,
as written down above, has been quite straightforward. What is, however,
missing in our formulation so far, is the inclusion of strangeness-changing weak
transitions, such as e.g.

K- —n% 0, (s—u+e +70), (11.12)

that we have discussed already in Sect. 9.1.1. Following the discussion there we
incorporate these into the theory by using instead of the d-quark everywhere
the linear combination

d = dcos?. + ssind. (11.13)

where ¥, is the Cabibbo angle (cosd. = 0.98, see (9.4)). If this replacement
is performed, the charged current (11.8) indeed mediates such strangeness-
changing weak transitions with AS = Ag = +1.

However, when this replacement is performed, also the weak neutral current
(11.10) changes

. —_ 3/ : u 7/ ]
]2 = (L dy)vu(ts — gsin®dw) ( d’i ) + diyu(ts — gsin® dw)dg
+ ...

_ 1 1
= cos¥.sind. [(dLvusL + gL’YudL) (—5 + 3 sin? V)

1 _
+ 3 sin? Yw(SrYudr + dR”y#sR)} +... . (11.14)

The model thus also predicts strangeness-changing neutral current interactions
in which the electrical charge of the interacting quark changes by 1 unit.
However, such decays, like, e.g.,

Kt —7tvp (5 — dvp) (11.15)

(remember: K+ ~ u3, 7T ~ ud, see Sect. 4.2), that are mediated by the modi-
fied neutral current have not been observed (T < 10_10). As a general result
of many experimental studies it can be concluded that strangeness-changing
neutral currents very probably do not exist [PER87]. The hadronic extension
of our electroweak theory developed so far (the Weinberg—Salam model) can,
therefore, not be correct.

An elegant way out of this problem was proposed by Glashow et al. in 1970.
These authors also allowed a mixture for the s-quark

s = —sinv.d+ cosV.s

d = cosV.d+sind.s (11.16)

Note that the Cabibbo-rotated s’ and d’ are obtained from the original quarks
s and d by an orthogonal transformation.
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In order to be able to assign the s’ quark to an SU(2) multiplet Glashow et
al. introduced a at that time hypothetical fourth quark, the “charmed” quark,
with charge +2/3 e. This, at that time unobserved, quark was combined with
the strange quark into another SU(2)1,-doublet.

Following this proposal we now introduce in addition to the up-down doublet

Ly = ( UL ) . Ry=ur; Raq=dj (11.17)
dy,
also the following basic quark multiplets into the theory
Le= ( o ) . Re=cr; Ri=sh (11.18)
L

and sum over these Cabbibo-rotated quark fields in the currents (11.8) - (11.10).
With this ansatz the terms involving the strange and the down quarks in
the neutral current (11.10) go over into

n

_ 1 1 - 1
+d'vv, (—5 -3 sin? 19w> di, + d'ryy (§ sin? 19w> R

_ 1 1 _ 1
+ LY (—5 —3 sin? 19w> St + SRV (g sin® 19w) Sk

- 1 1
sin Y cos U, [(EL”y#dL + dL”y#sL) <—§ + 3 sin® ﬁw)

1 . _ 7
+ = sin® 9w (SrYudr + drRVuSR)

3
] : 11,
- (SL'Y,udL + dL'Y#SL) —5 + g sin ’l9w
1 _
-3 sin® ﬁw(ER”y#dR + dR"y#SR):| +... . (11.19)

The strangeness-changing part of the neutral current is thus exactly cancelled by
the corresponding term that originates in the s-quark mixture (11.16). Essential
for this result is that d’ and s’ are related to d and s by an orthogonal trans-
formation. Note that strangeness-changing charged weak transitions are still
possible because of the different weak isospin structure in the charged current
(11.8).

So far we have included the two lightest quark families. As we have men-
tioned at the end of Sect. 4.2 there is experimental evidence for a fifth quark,
the so-called bottom quark, with a mass of mp ~ 4.3GeV and a charge of
q = —1/3 e. This suggests to introduce a third quark family

( bt, ) (11.20)

into the theory. For symmetry reasons the existence of a sixth quark, the so-
called top quark, was postulated here. Obviously, it should have charge ¢ =
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2/3e; in 1994 this particle was indeed observed at Fermilab with a mass of
my =~ 178 GeV.

In analogy with the s — d mixing we must also allow for a mixing of ¢ and
b quarks with a possibly different Cabibbo angle. In fact, we can also, more
generally, allow for a mixing of all the ’"down’ quarks in the form

&= "Vid, i,j=1,2,3) , 11.21
) 79
J

where V' is the so-called Kobayashi—-Maskawa matriz. The physical quark-states,
i.e. the eigenstates of the strong interaction Hamiltonian, are thus not the ones
that interact weakly. This is manifest in the definition of the fields g in the
currents (11.8) - (11.10) in terms of the Cabibbo-rotated fields d’, s’, and ¥'.

11.2 Hadron Masses

When we were treating only one massive fermion, the electron in (10.43), we
generated its mass by a Yukawa coupling between the right-handed and the left-
handed electron and the Higgs particle. The same procedure can be followed
here for the down-quarks. A difference arises, however, for the up-quark that
stems from the fact that the “up-lepton”, the neutrino, exists only as a left-
handed, massless particle, so that it did not appear in the term Ly. This is, of
course, not the case for the quarks where also the up-quark is massive and thus
has to be contained in Ly. This implies that the term generating the mass for
the lower member of the quark-doublet, the d-quark, can be written down in
complete analogy to the one generating the mass for the lower member of the
lepton-doublet, the electron. The up-quark requires the introduction of a new
term so that Ly still has the desired SU(2), ® U(1)y symmetry.
We therefore write

Ly = — > (9'Ra¢'La+hec.) (11.22)

d quarks

— > (9¥Ru¢“"Lq+hec. )

u quarks

Here d and w are again generic notations for d, s, b and u, ¢, t quarks, respec-
tively, and Lg, Rq and R, are defined in (11.17).

The last term is the new one. It contains the charge-conjugate Higgs field
¢° instead of ¢ itself. This is necessary for U(1) invariance reasons as can be
seen by noting that ¢§ = (bl—L carries a charge opposite to that of ¢ (yge = —1).

The new term also respects SU(2) invariance because with ¢ also ¢° is an
SU(2)-doublet. This can be seen as follows. ¢ is an SU(2)-doublet made up
of one charged and one uncharged field. It thus has the same isospin structure
as, for example, the nucleon spinor made up of proton and neutron. For that
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we have shown (see (3.47)) that the charge-conjugate spinor also represents an
SU(2)-doublet. The same holds here; also

com(@)-(F)-(F) - o

is an SU(2)-doublet. The charge-conjugate field ¢¢ is simply given by the her-
mitian conjugate of ¢;.

11.3 Kobayashi-Maskawa Matrix

Since the interaction Lagrangian contains the Cabibbo-rotated fields d’, s’ and
b’ (see (11.21)) instead of the mass-eigenstates d, s, and b we now introduce
those into the Lagrangian Ly. At the same time we introduce the masses

v

mE = rp——= 11.24
F= 0 s (11.24)
for all the fermions and obtain
me 0 0 e
Ly = |—( p 7) 0 m, O i
0 0 m, T
m, O 0 U
—(u ¢ 1) 0 me O c (11.25)
0 0 my t
_ B mq 0 0 d/
—@ ¢ V)vhH' [ 0o me 0o v ¥
0 0 my v

x(1+2).

Here V is the mixing matrix defined in (11.21)

d; =Y Vid; = (Vd);

J

The Kobayashi-Maskawa (KM) matrix appears thus in the mass term of the
electroweak Lagrangian. This implies that the quarks on which the electroweak
forces act are not the physical mass-eigenstates, i.e. the eigenstates of the mass
operator.



Chapter 12

Electroweak Interactions
of Quarks and Leptons

In this chapter we summarize the results of the two preceding chapters by first
writing down the complete Lagrangian for systems of leptons and quarks with
electroweak interactions. We then introduce the so-called Standard Model which
combines the electroweak interaction with the strong interaction. The Standard
Model thus describes all relevant interactions between quarks.

12.1 Lagrangian of Electroweak Interactions

We can now write down the Lagrangian of the complete model describing the
electroweak interactions of leptons and hadrons

1 v 1 v
£ = —1G"-Gu - JF"E,
2 1 2
2 s f) eV AL f)
+ MWW (1 +5) +5ME2,2 (1 +2
+) Wiy DUy + Ly (12.1)

k

1 1 v 1ey?
1., o Lla s ri (¥
+2(3 ©) (Oup) SNAL (1+U+4(U) >

The fermion spinor ¥y, is given by the SU(2) doublets

VkL UKL
U, = 12.2
=) e () 122

for the left-handed fields of the kth family of leptons and quarks and by the
SU(2) singlets

W) = egr Or gkr (12.3)
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for the right-handed partners. In (12.2) we have used generic abbreviations

(2>m(?)(ﬁ)“<ﬁ> (12.4)
(Zf)f“(?)(ﬁ)or(é) : (12.5)

The covariant derivatives, that define the interactions between the fermions
and the gauge bosons, are

and

1
D,V = (@L +igt Wl + ig’§kau> Wy, | (12.6)

where yj, is, as usual, the hypercharge quantum number of ¥, and the t' are
the generators of SU(2).

The Yukawa-term, Ly in (12.1), finally, generates the fermionic masses. It
reads (see (10.43),(11.22))

Ly = —(gebrer + gulirpir + g-TRTL (12.7)
+ gqdrdr, + gsSrSL + gpbrOL
_ _ - v %)
+ gutirur + geCrer + gitrirn + hec. ) N (1 + v)
The Lagrangian (12.1) exhibits only one remaining symmetry, the U(1)em Sym-
metry (see (10.16)): U = e~ *W+7)/2_ This is just the symmetry of QED, to
which the original symmetry SU(2) ® U(1)y is broken down.

Because the quark and lepton spinors in (12.2) — (12.5) appear in a very
symmetrical form one is tempted to introduce an analogon of the KM matrix
also for the leptons. In this case only the neutrinos could be mixed because
the electron, u and 7 are clearly distinct particles. However, if the neutrino
masses are all exactly zero, no neutrino mass matrix and thus no analogon of
the KM matrix could exist. If, on the other hand, the neutrinos indeed do have
a non-vanishing mass and if they are of a mixed Dirac-Majorana nature (see
discussion in Appendix A.3), then lepton number conservation would no longer
hold and the neutrinos, as they emerge from the weak interaction process, are
not eigenstates of the mass operator. In this case also a KM matrix for neutrinos
would appear.

As a consequence of this mixing the ‘gauge neutrino’ that is created in a
weak interaction process contains components of all the mass-eigenstates. Con-
sequently, as a function of time, it could oscillate between the various flavors of
the weak neutrinos v, v, and v, if the neutrinos are massive and there is a dif-
ference between the masses of these neutrino flavors. This is the phenomenon of
neutrino oscillations which are thus a signal for nonzero neutrino masses. There
are now experimental indications for the presence of such neutrino oscillations,
for example from the observation of atmospheric neutrinos or solar neutrinos; all
of these observations are compatible with very small neutrino masses. In all the
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following discussions we will therefore assume that the neutrinos are massless
and thus not mixed. This assumption does not affect any of the later discussions
on CP violation in any significant way.

12.2 Standard Model

The Standard Model is obtained by combining the model of electroweak interac-
tions with the theory of strong interactions, Quantum Chromodynamics (QCD).
QCD, which we will discuss in more detail in Chap. 14, is a non-Abelian gauge
field theory obtained by gauging the color SU(3) symmetry introduced in Sect.
4.3.

The full symmetry group of the Lagrangian is then

G=5SU3)c® SU(2)L ® U(l)y , (12.8)

where SU(3)¢ is the color SU(3) group (see Chap. 14). After spontaneous sym-
metry breaking the symmetry group of the electroweak interactions is reduced
to

SURILU1)y — Uem(1) (12.9)

where U (1) is the usual U(1) group of classical QED. The reduction happens
at energies that are smaller than about 100 GeV, i.e. the mass-scale of the W
and Z bosons.

Only at energies higher than this natural border will the interactions exhibit
features of the full symmetry group. Such high energies may be present in a very
hot environment. Since the masses of the gauge bosons and the electron were
generated by spontaneous symmetry breaking one expects — from analogy with
other phase-transitions — that there is a critical temperature above which the
original symmetry of the Lagrangian is restored. This is indeed what happens
also here since at large temperatures T the field starts to fluctuate around
@ = ¢p. At high enough temperatures we have then (¢) = v = 0 so that as a
direct consequence

My = Mz =me =0 (12.10)

since all three masses are proportional to v. The state (¢) = 0 is then manifestly
invariant under SU(2)L, ® U(1)y and all the symmetries are restored. In this
regime then the weak and the electromagnetic interaction are both long-ranged
and of equal effective strength.

In this chapter we have seen how remarkably successfull the standard model
is in explaining quantitatively many electroweak phenomena. However, this
success also has its price. In its present form the standard model contains the
following parameters

1. six quark masses

2. three lepton masses : me, My, and m,
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3. two boson masses : Mw and myg
4. three coupling constants : e, sin ¢y, and the color coupling constant g

5. four parameters of the Kobayashi-Maskawa matrix : ¢12, ¥13, ¥23 and 413,
in the notation of Sect. 13.2

This is a total of 18 parameters, too many for a truly fundamental theory! In
addition, the left-right asymmetry is not aesthetically appealing. Furthermore
it should be clear that the physical nature of the Higgs mechanism is really un-
determined by experiment. In the present context it has been introduced merely
to generate the masses of the gauge bosons by means of spontaneous symmetry
breaking. It is, therefore, at present nothing more than a parametrization of
an as yet unknown physical process. To discover whether the Higgs particle
actually exists is one of the major challenges of today’s research in this field.



Chapter 13

CP Invariance of
Electroweak Interactions

We have already discussed in Sect. 5.1 that the specific combination of axial and
vector current coupling appearing in the electroweak theory leads to parity non-
conservation. In this chapter we now discuss the behavior of the electroweak
theory under a combination of charge-conjugation and parity transformations
(CP).

We start out with a phenomenological introduction into processes that are
sensitive to C'P conservation and discuss first the evidence for C'P violation in
K -decay [PERS87].

13.1 K" Decay and CP Violation

In Sect. 3.3.3 we have discussed that the flavor-SU(3) octet of pseudoscalar
mesons contains two uncharged K mesons, K° and K°. The quantum numbers
of all the K-mesons are summarized in Table 13.1 (K° = ds, K° = ds). The

Table 13.1: Isospin and strangeness quantum numbers of K mesons
ts —1/2 +1/2

S
+1 K° K%
-1 K- K°

charge assignments follow the usual Gell-Mann—Nishijima formula (Y = B+ .5)

1

The two neutral K° and K° mesons are not identical because they differ in their
strangeness; they are particle and antiparticle.

161
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Strangeness conservation also puts stringent limitations on their production.
For example, in a nucleon-nucleon collision the K° can be produced together
with one hyperon

p + n — K° +A +p
S 0 0 +1 -1 0 (13.2)
B 1 1 0 1 1

whereas the K9 can be produced only together with a charged K or an antihy-
peron

+ n — K° 4Kt 4n 4n

p
S 0 0 1 41 0 0 (13.3)
B 1 1 0 0 1 1

p + n — K° +A 4+p +n +n
S 0 0 1 41 0 0 0 . (13.4)
B 1 1 0o -1 1 1 1

The threshold energies for these reactions are quite different. For (13.2) it is
T, = 1.59 GeV, for (13.3) T, = 3.45 GeV and for (13.4) T, = 9.52 GeV (all in
the laboratory system). One can thus easily produce pure K%’s by choosing an
appropriate beam energy below the Ky threshold (3.45 GeV).

K-mesons carry strangeness and can thus decay only via the strangeness-
changing component of the weak interactions. Empirically, the most probable
decay mode both for the K and the K° meson is that into two pions

KO, K0 { 7T'gﬂ'(; 69%

7Y 31% (13.5)

Since the weak interaction contains strangeness-changing components (AS = 1)
it can in a second-order process connect K 0 and KO,

Since K° and K© are both members of the octet of pseudoscalar mesons,
their internal parity is negative

PIK®) = —|K")

P|K%) = —|KO9) . (13.6)
Similarly, it is obvious from the quark content of the neutral K-mesons (see
(4.23), K% : ds, KY : ds) that we have

CIK®) = |K°

CIK0) = |K°) | (13.7)
where C' is the charge conjugation operator. We thus have for the combined
operation

CP|K°) —|K0)

CP|K% = —|K% . (13.8)
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We now make the assumption that all interactions in nature, including the
weak one, are invariant under C'P transformations. The weak interaction mixes
K% and K° in second order of the weak coupling. The physical particles can,
therefore, not be these two mesons, but they must instead be mixtures of them
that are C'P eigenstates.

We can easily construct such eigenstates of the C' P symmetry with opposite
eigenvalues

1

|KD) = E(IKOHIKO»

KD = (K0~ 1K9) (13.9)
with

CP|KS) = +|K3)

CP|IK)y = —|KD) . (13.10)

The meaning of the indices S and L will become clear in a little while.

We now consider the decay modes of the C'P eigenstates. We first see that
the two CP-eigenstates |KQ) and |K}) have quite different decay properties.
|KQ) still decays dominantly into two pions

|KQ) — 7°x% mtm™ . (13.11)
Since the pions are pseudoscalar particles we have

CPlzt)y = —|n7)
CP|r% = —|x% . (13.12)

The two-pion states (13.5) must be in an £ = 0 state because of angular momen-
tum conservation; they are thus even under C'P transformation. In the decay
(13.11) CP is thus conserved.

For the state |K?Y), which has CP = —1, however, the 2w decay is not
possible if CP is a conserved quantum number. Instead, |K}) can decay only
into at least 3 pions or into pions and leptons

|K8> — 07970, atr 20, rreTy, ntefr . (13.13)
The 37 states appearing here have CP = —1 (for 37° always, because their
relative wavefunction has to be totally symmetric. For 7%7F 7~ this holds only
if all three pions are in a relative s-state; the decays from higher ¢ states are
hindered, however, by the centrifugal barrier).

In the 37 decay mode a larger portion of the available decay energy is tied up
in the mass of the pions. Therefore, the available phase-space factor is reduced
compared to that for 2m-decay and thus the decay rate of the K, is expected
to be lower than that of the Kg.

This is exactly what is seen in experiments. Instead of the two particles
K9 and K° one observes a long-lived K? (1 ~5.2-1078 sec) and a short-lived
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KQ (1 =~ 0.9-107' sec). Thus, the combinations (13.9) are indeed realized in
nature and form the physical states.

The great discovery, in 1964, was that in spite of the arguments given above
the K7} also decays into 77~ with a branching ratio of 0.2 %. This is a direct
proof that C'P is not conserved, since CP(r"n~) = +1, but CP(K}) = —1.
A quite general theorem states that any local, covariant field theory quantized
with the correct spin-statistics connection has to conserve CPT [BJO65]. Thus
CP violation implies also a violation of the time invariance T'.

13.2 Unitarity of the KM Matrix

The structure of the Kobayashi-Maskawa matrix is intimately connected with
the problem of C'P violation observed in neutral kaon-decay. We will, therefore,
now discuss the properties of this matrix in some more detail.

That V' is unitary is absolutely essential for the absence of flavor-changing
neutral currents from the theory. This can be seen by writing out in detail the
neutral current (11.10)

jg = Z drVu (tg — ¢sin® 19W) Q- (13.14)
k

We obtain for the down-quark part, i.e. the only one that can possibly lead to
strangeness-changing transitions,

- 1 1
> di <_§PL +3 sin? 19W> dy (13.15)
k

where the sum runs only over the down quarks and P, = (1 — 75)/2 is the
projection operator on lefthanded quarks, giving 1 acting on a left-handed and
0 acting on a right-handed down quark. This term can also be written as

. 1 1
> AV (—§PL +3 sin’ 0W> Vindn, . (13.16)

kalda,na

If V' is unitary this becomes
- 1 1.,
> di 5L+ gsin dw | di (13.17)
la

There are thus no flavor-changing neutral currents for the down quarks if V' is
unitary.

Now we show that V' also must be unitary [LEE81], if we insist on a lepton-
quark symmetry for the weak currents. This can be seen as follows: the masses
of d, s, and b quarks are input parameters of our theory; they are generated by
interactions other than the weak ones considered here. This implies that as far
as the weak interactions are concerned their masses can be taken to be all the
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same. Then the physics of electroweak interactions should be invariant under
unitary transformations of the fields, and thus also under the transformations

d" d u” ”
sl =Ug| s | d 1 =U,| ¢ . (13.18)
b// b t// t

In order to preserve the anticommutator relations of the quark fields, the trans-
formations U, and U, have to be unitary.
The charged current (11.8) reads for the quarks

j;;t = Z \IJkWMtJr\I’k— Zulﬂu (1 —7s5)d,
quarks
= 521‘%% (1 =2s) (Vd)w (13.19)
k

where d’ stands for the Kobayashi—-Maskawa rotated down quarks. This current
can be brought into the same form as that for the leptons by choosing U, and
Uy such that V = U] Uy, i.e. by assuming implicitly that V is unitary

g = 2Zu,ﬂu —ys)df . (13.20)

We now reverse the arguments just given. We thus require that the theory be
formally symmetric between leptons and quarks, i.e. that it leads to the charged
current (13.19). Then the arguments just given show that this can be achieved
only if V' is unitary.

The unitary Kobayashi-Maskawa matrix depends on 9 real parameters (9
complex matrix elements and 9 constraints from unitarity), but not all of them
are physically significant. This can be seen as follows.

The fields d’, s’ and o’ are defined only up to a phase. Thus the physics has
to stay the same under the unitary transformation

d’ eiX1 d’ d’
s | = exs’ | =U, | ¢ . (13.21)
b e b/ b

The same is true for the up-quarks. Correspondingly, the matrix V in the
charged current term (13.19) can be transformed according to

vV — ULV, (13.22)
with
e 0 0
U, = 0 ez 0 : (13.23)
0 0 elvs
ex1 0 0
U=| 0 ex 0 : (13.24)
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without changing any of the physics. Of the 6 phases appearing here only 5
(= no. of quarks —1) are linearly independent, for example, the ones between
(u,d), (u,s),(u,b), (¢,d) and (¢, d) since an overall common phase does not affect
V. Once we have chosen these 5 independent phases, the other four phases are
fixed. Thus 5 of the 9 independent parameters of V' are arbitrary phases, which
can be removed by a suitable transformation (13.22).

After removal of the 5 phases just mentioned the remaining 4 parameters
are usually chosen as 912, 913, Y23 and 013 where the indices {1,2,3} label the
generations and all angles ¥;; lie between 0 and 7/2 [LEE81] whereas the phase
013 lies in the range 0 — 27. In terms of these quantities V' is written as

—is
C12€13 $12€13 51371018
i i
V = —512C23 — €12523513€'°1%  C12C23 — S12523513€'°1° $23C13
i i
512823 — €12523513€'°1®  —C12823 — S12C23513€'1% 23013
(13.25)
with
C;j = COS ’L%j s Sij = sin ’L%j . (1326)

With these choices V is unitary as can be checked explicitly.
The numerical values of the absolute magnitude of the matrix elements are
roughly [PDG9S|

0.975 0.222 0.003
(VD) ~ [ 0221 0974 0.041 . (13.27)
0.009 0.040 0.999

Finally, we would like to note that only the ‘down-quarks’ are mixed by
the KM matrix. This is actually very reasonable since an additional mixing of
the ‘up-quarks’ would give no new physics because all the SU(2)-doublets can
anyway be connected and mixed by an arbitrary SU(2) transformation.

13.3 CP Invariance and the KM Matrix

The question now arises what the origin for the observed C P-violation is. To
answer this question we consider the behavior of the weak interaction Lagragian
under C'P transformations. For the transformation of the fields appearing in £
we have

U(z) — vy (PH(-2,1)
pz) — o(=7,t) . (13.28)

The transformation of the fermion fields is the normal one for Dirac spinors given
by relations (A.34) and (A.36); that of the Higgs field ¢ is evident because the
Higgs field ¢ represents an uncharged scalar field.

The transformation of the gauge fields is fixed by that of the fermion field
because both are connected through the equation of motion (7.42) for the gauge

T
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fields, which contains a fermionic source term. We therefore consider here its
transformation properties

(CP)jL(.6)(CP)T = (CP)W}, (hom), T'W5(CP)!
= W) (129) 0 (W07 ag (T (072) 5 T4 (~2,8)
_ (Tz)akalgT(—fvt)(72%7072)75\112(—5,& . (13.29)

The minus sign at the start of the third line arises because of the anticommuta-
tion relations between the fermion field operators. Here T' is a generator of the
internal symmetry group (7% = 7!/2 for SU(2), T' = 1 for U(1)). The upper
indices a and b refer to the internal degrees of freedom. We now use

T T
(v2vuv072)” =727 (V) Y2 = —YuYo0s (13.30)

which holds because v and vy are symmetric and y; and 3 are antisymmetric,
and get

(CP)jL(ED(CP)T == (T'WH(=2,0)) (1u70)5, Wo=F,1)
7 +U (=7, )y (THTW(=2,t) for p=1i=1,2,3 (13.31)
B —U(—Z, )y (THT W (~Z,t) for u=0 '
This transformation behavior of the source term under SU(2) (T = 7¢/2)
and U(1) (T" = 1) transformations can be used to obtain the transformations
properties of the fields W}L and BL from the equation of motion (7.42) for these
fields. With (TY)T = (=)"*1T! we obtain
(_)H—lW'l(_fv

K2

(=)W (4,

) forpu=i=1,2,3

) forp=0 (13.32)

(CPYW, (& t)(CP)T = {

The transformation of the U(1) field is similarly given by

B;(
_BO(

) forp=i=1,2,3

(CP)B,(%,)(CP) = { :? i) = (13.33)

Equations (13.32) and (13.33) define also the transformation properties of the
physical fields W,,, A, and Z,,. We obtain

wh—z L
(CPYW,(z,t)(CP)! = J(=@,t) forp=1i=1,2,3
- g(_f7t) fOI'/,L:O
(13.34)
T = ’ ) )
(CP)Z,(z,t)(CP)t = { —Zo(=Z,t) for p=0

The electromagnetic field A,, transforms in exactly the same way as Z,, because
both are obtained by a linear transformation from WE’ and B,,.
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Under the transformations (13.28), (13.32), and (13.33) the free Lagrangian
is obviously invariant because it contains all the fields quadratically. We there-
fore need to consider only the interaction Lagrangian (11.7)

1
V2 sin Y

1 0
R /o . 13.
sin Yy cos 19W]“ > (13.35)

L = e (jf/A“ - (grwe + gwet)

With the transformation laws just given, the electromagnetic current (T =
1) and the neutral current (7% = 73/2) terms are invariant under C'P transfor-
mations. Essential for this result is that for these cases the current operators
contain the same fermion flavor on both sides. In particular, this implies that
the KM matrix V' appears twice

dy,d =dViy,Vd = dvy,d

Thus, because of the unitarity of the KM matrix, V drops out of the current
term, reflecting the absence of flavor-changing neutral currents.
We consider next that term of Li,, that contains the charged current (11.8)

G = Ukt W (13.36)
k

The isospin raising operator has a profound impact on the transformation prop-
erties of this current. It couples down- and up-quarks, so that the KM matrix
V' appears only once in it, in contrast to the electromagnetic and the neutral
currents. We therefore have, for example for ¢ = 1,2, 3,

(CP)jf (# t)(CP)T = (CP)> wyi(Vd)(CP)!
k

= = dp (=, t)yur(—F, t)Viw (13.37)
kk’

= =Y (d=&tV"), viuk(-E,1)
k

where the minus sign in the second and third line originates in the behavior of
an SU(2) spinor under charge conjugation (see (3.47)). The structure of this
current thus changes under the C'P transformation.

The only way to achieve C'P invariance of the charged-current part of Lt
would be to require that

(CP)jf (@ )(CP) =) (-7.t) (13.38)

i.e. that the current goes over into its hermitian conjugate. If this were the case,
then the combination j;r Wi+3; WJ would be invariant because W; changes into
W; under the C'P transformation (13.34).
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Explicitly, we have
k k

For (13.39) and (13.37) to be equal we have, up to a phase, the condition

vl =vt | (13.40)
or, equivalently,

V=v* . (13.41)

The same condition is obtained also for the product of the zeroth components
of the currents and fields; here the extra sign in the transformed current is
neutralized by that in the transformed field.

If condition (13.41) is fulfilled, i.e. if the KM matrix is real, the theory of
electroweak interactions is C'P conserving. Vice versa, the weak-interaction is
by itself C'P violating if V' is complex. This is the case if the phase d13 in the
representation (13.25) of the K M matrix is nonzero.

There is now — after recent experiments on K° decay — some indication that
the observed 27-decay of the K? is indeed due to the C'P violating part of the
KM matrix and not to some new “Superweak Interaction” [PDG98]. In addition,
very recent experiments on the weak decays of B mesons have helped to further
pin down the properties of the KM matrix. A value of 13 ~ /3 can presently
describe all available data so that indeed the standard model of electroweak
interactions leads to C'P violation. A definite answer of the question if the
strength of the C'P violating part of the electroweak theory is quantitatively
large enough to explain the observed decay rates of the K is, however, only
possible when a quantitatively reliable description of the kaons in the quark
picture becomes available.
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Chapter 14

Quantum Chromodynamics

In Chap. 3 we discussed the classification of mesons and baryons in multiplets
by treating them as elementary particles. Dating back to Yukawa’s original idea
that the nuclear force is mediated by the exchange of mesons, such a description
has proven to be very successful in explaining many features of nuclear properties
and interactions.

In Chap. 4 we have, however, also discussed the evidence for the existence
of quarks as constituents of the hadrons. It has therefore become a natural
challenge to understand the strong interactions and the hadronic structure in
terms of the interactions between quarks.

In such an undertaking one is faced with two additional, seemingly contra-
dictory facts about the quarks. First, the separation of quarks from baryons
or mesons seems to be highly forbidden since free, isolated quarks have never
been observed. This effect has been “explained” in Chap. 4 by the postulate
that quarks appear only in color singlet states; the origin of this postulate must
be a dynamical one. Second, on the other hand, inelastic electron scattering at
very high momentum transfer indicates that quarks inside the nucleon behave
under such conditions as pointlike, noninteracting particles, called “partons”
[PERS&7]. The latter phenomenon is known as the “asymptotic freedom” of the
strong interactions. In this chapter we will present a gauge field theory which
seems to account for both of these facts and for all the observed properties of
the interaction between quarks.

14.1 Gauge Group for Strong Interactions

The observed “asymptotic freedom” is impossible to understand in an Abeli-
an gauge theory. For example, in QED the vacuum polarization shields the
electric charge, i.e. the coupling constant. This can be seen by considering the
scattering of one electron by another. In the lowest order of the electromagnetic
coupling constant, a = e2/4m ~ 1/137, this process is described by the one
photon exchange represented by the Feynman diagram of Fig. ?? (see p. 77).
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If the scattering takes place at sufficiently high energy, a certain class of
higher-order diagrams also strongly contributes to the scattering, as discussed in
Sect. 7?7. These are the so-called vacuum polarization diagrams shown in Fig. 77
(see p. 7?), in which the photon lines contain electron-positron loops. In analogy
to the screening of the electric charge in the presence of a dielectric medium due
to polarization effects, these electron-positron pairs screen the charge of the
original electron. At high momentum transfer, i.e. at a smaller distance from
the original charge, the scattered electron will penetrate this screening cloud of
eTe™ pairs and will therefore experience a higher effective charge than for lower
momentum transfer.

These simple plausibility arguments are born out in an explicit calculation
in which one adds up all the contributions from the different diagrams and
obtains a new “renormalized” coupling constant ([QUI83, AIT82, PES95]). Tt
turns out that these renormalization effects, due to fermion loops in the photon-
propagator, lead to a “running coupling constant” that increases with larger
momentum transfer, i.e. smaller distance from the charge.

In a non-Abelian gauge theory the same fermion loops as in QED appear (see
Fig. 7?). However, additional effects arise here from the interactions between
the gauge bosons, which are solely a consequence of the non-Abelian character
of the theory. These interactions between the gauge bosons, which cause boson
loops in the boson propagators (see Fig. 14.1), lead to contributions to the
coupling constant that are of opposite sign to those coming from the fermion
loops [QUI83]; they are thus “antishielding”. If the number of these gauge
bosons is large enough, then the antishielding effect due to the boson loops in
the propagator wins over the fermion loops and the theory as a whole can be
antishielding. In such a case, the coupling constant decreases with decreasing
distance, i.e. increasing momentum transfer, so that the fermions then appear
to be noninteracting at small interparticle distances. Pictorially speaking, since
the gauge field quanta of a non-Abelian theory themselves carry charge, the
quarks can distribute their charge over the gauge boson clouds. The whole
charge can then only be seen from larger distances, implying a larger coupling

Figure 14.1: Interaction between color charges in QCD with gluon—gluon self-
interactions. The solid lines denote quarks, the wavy lines represent gluons
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constant at large distances. This property is known as “asymptotic freedom”.

A non-Abelian gauge field theory is thus a promising possibility for rec-
onciling the presence of weakly interacting partons inside nucleons observed
in high-resolution experiments with their confinement, a typical large distance
phenomenon.

The problem then arises which local gauge symmetry to use as a starting
point for the construction of a Lagrangian for the strong interactions. One seem-
ingly natural idea would be to use the SU(3) flavor-symmetry which has proven
to be so successful in explaining the multiplet-structure of observed hadrons
as discussed in Chaps. 3 and 4. Such a theory would, however, lead to an
unacceptable spectrum of gauge bosons. Owing to the fact that the SU(3)
flavor-symmetry is not even for the strong interaction exact, and owing also
to the presence of Coulomb and weak interactions, which violate isospin- and
hypercharge-conservation, many of the gauge bosons would acquire masses in
the range of a few MeV to a few 100 MeV by means of a mechanism similar to
the one discussed in Chap. 6. Such a spectrum of vector bosons is clearly not
observed.

The question of which is the correct gauge symmetry is at the same time a
question as to the nature of the “charge” to which the strong interactions couple.
In Sect. 4.3 we have seen that individual quarks are color-triplet states, whereas
the observed hadrons are all color-singlets, and thus are color-neutral. This is
reminiscent of classical atomic physics, where atoms are charge-neutral objects
built out of charged constituents (nuclei and electrons). Even though atoms are
uncharged, they can interact via the electromagnetic forces to form molecules.
This analogy suggests the assumption that color could be the “charge” of the
strong interactions.

This is also supported by the observation that all observed hadrons are color
singlets. Their properties thus do not change under SU(3) rotations in color
space; this is true even for different rotations at different space-time points.
This invariance under local color SU(3) rotations suggests the construction of
a gauge field theory in which vector gauge bosons, the “gluons”, couple to the
color degree of freedom of the quarks binding them together in hadrons. The
leptons, which carry no color, are not affected by this interaction. That all the
observed hadrons are color singlets could then be understood in terms of the
asymptotic freedom of QCD which leads to larger and larger attraction if the
color charges, e.g. in a meson, are being separated.

14.2 QCD Lagrangian

The general techniques developed in Chap. 4 can now be used to construct
the color SU(3) gauge theory. The quarks are assumed to form a color triplet
represented by the spinor

qf
=9 | - (14.1)

f

ay
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which transforms according to the fundamental representation of SU(3)¢, the
color SU(3) group. r, g and b stand for the three colors (“red”, “green” and
“blue”) and f represents the flavor index u, d, s, etc.

Any theory that involves only terms like gq is obviously invariant under a
global SU(3)¢ transformation

G —dp=e g (14.2)

Here the \¢ are the eight matrices of the three-dimensional representation of
SU(3) given in Sect. 3.3. Invariance of the theory under (14.2) implies physically
that the strong interactions are invariant under a SU (3)-rotation in color space.
Requiring even local invariance then generates a dynamical theory, as discussed
extensively in Chap. 7, whose Lagrangian is given by

1 C Cc UV -t 3
Lqcp = _ZFWF m 4 g [Gr(iv" D, —my)gr] . (14.3)
7

Here the sum over ¢ runs over the eight members of the color octet and D,, is
given by (7.23);

D, =0,+ ig%GZ . (14.4)

The G, represent the eight vector fields describing the gauge bosons of the
theory, called “gluons”, because they transmit the binding forces. ¢ is a dimen-
sionless coupling constant.

The eight gluons form an octet under the global color SU(3) group. Their
color structure is, therefore, according to (4.21), given by

Tg,TB, gfa 967 bfa bg (1453,)
and the two diagonal combinations
(rF —gg)/V2 and (2bb —rF — gg)/V6 , (14.5b)

in analogy to the SU(3) flavor structure of the 7 and 7 mesons in equation
(4.24). Thus, in an interaction of a colored quark with one of the first six gluons
color can be exchanged, for example

Qr + 9o — Q@

the last two gluons are color-preserving.

Since QCD is a gauge field theory as QED, although non-Abelian, it is
possible to define color-electric and color-magnetic fields in complete analogy to
classical electrodynamics. There one has the relations

Eigp = FO = 04,-0°4" |
. B o (14.6)
€F B, = —F9 = QA -9A



14.3. PROPERTIES OF QCD 175

The QCD analogues are

Eci = FciO _ 8iGcO _ 8OGci _ gfcdeGdOGei 7
) o - (14.7
ekaBck = —F° — §GY — 9iGYI 4+ gfcdeGdee

One thus often speaks of color-electric and color-magnetic fields.

14.3 Properties of QCD

Quantum chromodynamics contains a number of properties that are relevant
for our understanding of hadronic spectra and properties. Among them are
symmetries that can directly be read off from the Lagrangian (14.3). In addition,
QCD most probably also leads to confinement even though the exact mechanism
is still not understood; it is very likely that it is related to the asymptotic
freedom property discussed in Sect. 14.1.

14.3.1 Scale Invariance

As already discussed in Sect. 4.2.2, the near-zero mass of the pion and the
observed masses of the strange hadrons determine the quark masses to [LEES1]
my =~ mg ~ 10 MeV, mg =~ 150 MeV. The masses of the other quarks are much
larger; their admixture to the structure of the lighter hadrons can therefore be
neglected. The sum over the flavors f in the Lagrangian Lqocp can thus be
restricted to the three lightest quarks.

It is interesting to note that the limit of treating only the up and down
quarks and setting their masses exactly equal to zero removes all energy-scale
parameters from the theory. This can easily be seen: in the unit system i =
¢ =1, there is only one independent unit of dimension left, let us say the length
L. Since the action is dimensionless in these units the dimension of £ is L=%.
This implies the dimensions of L°, L=, L=3/2 and L~2 for ¢, G}, q and F};,,
respectively. Changing the unit of length, the scale parameter, will therefore
simply multiply the whole Lagrangian by a factor, if m = 0, without changing
any of the physics. The nonzero masses of the quarks as discussed above lead
to an explicit breaking of this scale invariance of the QCD Lagrangian and fix
the scale of the strong interactions, but these masses are so small compared to
a typical hadronic scale of about 1 GeV that the scale invariance should still
hold to a very good approximation.

However, when renormalizing QCD no regularization procedure can be found
that respects the scale invariance of massless QCD. Therefore, a scale parameter,
usually called A, that fixes the length scale for the quark—quark interactions,
must be introduced when quantizing the theory. This scale parameter is defined
such that the running coupling constant, g(¢?), of QCD becomes very large as
q* approaches A? from above. Although a quantitatively reliable fit has not yet
been possible, A is, at present, thought to have a value on the order of about 0.2
- 0.3 GeV. Thus QCD is not specified by the Lagrangian (14.3) alone; a scale



176 CHAPTER 14. QUANTUM CHROMODYNAMICS

parameter is needed in addition so that the full quantum theory is no longer

scale invariant. This is an example for an anomaly briefly mentioned at the end
of Sect. 77.

14.3.2 Chiral Invariance

If one assumes that the masses of the up- and down-quarks are nearly the same,
then QCD possesses a global SU(2)y symmetry under the transformation

ge(@) = ql(z) = S e F g (a) (14.8)
f=1

which acts onto the flavor degrees of freedom of the quark spinor given by
)
QC(x) = dc(x) ’ (149)
)

where u., d. and s. represent the up, down and strange quark, respectively, with
a color index c¢. The sum over the flavor index f in equation (14.8) runs only
from 1 to 3, i.e. over the generators A/ of the SU(2) subgroup of the full flavor-
SU(3). As a consequence of the invariance of Lqocp under the transformation
(14.8), the flavor vector current

Y
Vi@) =an e (F=1,23) (14.10)

is conserved on the quark level. The observed isospin symmetry of strong inter-
actions and the corresponding vector current conservation (CVC) can thus be
understood as a consequence of a symmetry of quark-quark interactions.

If, in addition, m, = mg = 0, then there is also a global chiral symmetry, so
that the axial vector current

Vi
A;C = @:’7}1757(]0 (f=12,3) (1411)
is also conserved.! In these considerations one uses the fact that the gluon fields
Gy, are pure color fields and are thus not affected by the flavor generators M or
by the Dirac algebra, e.g. by 5.

Thus, for vanishing masses of the two lightest quarks the axial vector current
is also conserved. It is clear that this chiral symmetry cannot be a manifest one
on the hadronic level, since the hadrons are all massive. However, in Chap. 6
we have shown in the context of the o-model how the Goldstone mechanism of
spontaneous symmetry breaking can reconcile the nonzero masses of the hadrons
with the observed (partial) conservation of the axial current. The axial SU(2)
symmetry is then assumed to be realized in the Goldstone mode in which the

IThe violation of this conservation law, which manifests itself in the decay of the pion
(PCAC, see (5.25) and (6.51)), can be attributed to the nonzero masses of the lightest quarks.
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Lagrangian, but not the state of the system, possesses the axial SU(2) symmetry.
Therefore, it is obvious that in the real world also the chiral symmetry must be
spontaneously broken. However, the explicit symmetry breaking mechanism is
still a subject of present research and requires a much better understanding of
the observed hadronic spectrum in terms of QCD than we at present possess.

14.3.3 Antishielding and Confinement

That the QCD Lagrangian of (14.3) indeed leads to color confinement, and
thus to a natural explanation why free quarks have not yet been observed, has
not been proven until now. This is clearly a phenomenon for which the ¢ — ¢
interactions at large distances are essential. There the coupling constant of QCD
becomes very large, so that perturbative methods cannot be used and we have to
resort to enormous numerical computations for the large-distance properties of
the theory. Thus the confinement property of QCD remains to be proven in such
“lattice QCD” calculations, which obtained their name from the fact that they
discretize the QCD action on a space-time lattice [CRE83, MOM94, DET95].

In the absence of an absolute proof of confinement we have to rely on plausi-
bility arguments based on an analogy of QCD to electrodynamics [LEE81]. As
we have discussed in Sects. 7?7 and 14.1 vacuum fluctuations in QED lead to a
screening of the electric charge at large distances. This is very much analogous
to the screening of an electric charge in a dielectric medium with the dielectric
constant € > 1 (Fig. 14.2a), which reflects the lowering of the effective electric
coupling constant on macroscopic length scales.

Similarly, the antishielding of QCD, as discussed in Sect. 14.1, i.e. the larger
coupling constant of QCD at larger distances, is then analogous to a hypothetical
medium with a dielectric constant ¢ <« 1 (Fig. 14.2b). In such a dia-electric
medium, a hole would form around the charge ) because the induced charge
would have the same sign as ) and would thus be repelled from @Q; the system
then minimizes its electric field energy by making the hole larger. On the other
hand, the energy gained in this way is counteracted by the energy needed to
create the hole in the medium. In this analogy the non-Abelian gauge field
theory QCD is thus replaced by an Abelian one and the only relict of the non-
Abelian character is the property of asymptotic freedom contained in the value
of e < 1.

For a brief investigation of the stability, we will assume that the energy
contains only a volume part

4
Whole = ngR?’ : (14.12)

where B is a positive constant energy-density associated with the presence of
the hole and R is the radius of the hole. Inside the hole ¢ = 1 and outside in the
medium € < 1. An expression for the electric field energy can be most easily
obtained for a charge @ in the center of a spherical hole, where the fields at
the surface have only normal components. In this case it is easy to see that the
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(a) (b)

e1 e<1

Figure 14.2: Phenomenological representation of charge screening in (a) QED
and (b) QCD

fields inside and outside are at the surface

1 Q 1

Ei = Eﬁ = Din = Dout and Eout = ;Dout y (1413)

so that the electrostatic energy of the fields outside the hole is

1 Lo 1 Q2

Wy == E-Dd3z=-—2— . 14.14

! 2/ . € 8TR ( )
r>R

For ¢ — 0, W, becomes very large so that the field energy inside the hole can
be neglected.

It is evident that the forces corresponding to Whee and Wy counterbalance
each other at a certain radius R,,;, at which the hole is stable. This value is
obtained by minimizing

Wtot = Whole + Wel (1415)

as a function of R. One obtains in the limit where the surface contribution can
be neglected

- 0 1/4
R= <32F263) : (14.16)

Thus for € — 0 the radius of the hole goes to infinity. The total energy obviously
also diverges in this limit. An isolated charge in such a medium would thus
correspond to a state of infinite energy. In analogy, a colored object in QCD
would — because of the antiscreening feature of QCD — “dig” itself a hole into
the QCD vacuum; such a state would contain infinite energy so that it becomes
unobservable.

The electromagnetic analogue to a color singlet state is the electric dipole
that is charge-neutral when seen from a distance. The electric field of such a
dipole in the center of a hole in a dia-electric medium with ¢ — 0 is entirely
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confined to the inside of this hole. In this case, the energy remains finite so that
such a neutral object could be observed.

On the basis of these classical analogies, we thus assume that the QCD
vacuum is a nearly perfect color diaelectric. This vacuum is not empty space but
a very complicated state with an infinite number of strongly interacting virtual
quarks, antiquarks and gluons. In such a situation perturbation theory must
break down; the true QCD vacuum is therefore also called the nonperturbative
vacuum. A colored object when placed into this nonperturbative vacuum will
lead to holes or “bags” in the space around it. The bag is a region from which
the color charges of the QCD vacuum have been expelled. The remaining fields
are weak, so that perturbation theory can be applied inside the holes; one
therefore speaks of the perturbative vacuum inside the bag. From the analogy
discussed above, it is clear that the nonperturbative, true vacuum of QCD has
a lower energy density than the perturbative one, the energy-density difference
just being given by the “bag constant” B.

If the quarks are not in a color singlet state, the creation of such a bag costs
an infinite (or very large) amount of energy. Similarly, the removal of one single
colored quark from the bag would require an infinite amount of energy. This
reasoning provides an explanation for the postulate in Sect. 4.3 that all hadrons
are color singlets and predicts that the mass of an individual quark is very small
inside the bag but goes to infinity at its boundary. Inside the bag, the particles
are so close to each other that they behave approximately as free particles.

These qualitative considerations provide the basis for the study of bag mod-
els, i.e. models in which quarks move in a phenomenological potential well.
The quantum-mechanical structure of the quark bag-states then determines the
properties of hadrons.

Since QCD is sensitive only to the color charge, bags can also form around
gluons without the presence of any quarks. The objects thus formed are the
so-called glue balls, which can also be pictured as bound states of two or more
gluons. The observation of such exotic hadrons, predicted to have masses on
the order of 1.5 GeV, would constitute a direct test for the interactions between
gluons.

14.3.4 Deconfinement Phase Transition

In the last section we have discussed that hadrons can be visualized as bags
of quarks in the QCD vacuum. The simple classical analogies discussed there
show that the perturbative QCD vacuum inside the bags lies at a higher energy
than the true nonperturbative vacuum of QCD. This shift is just given by the
constant B in (14.12), the so-called bag constant.

Equation (14.15) suggests that the energy of a hadron composed of three
massless quarks inside a bag volume V is given by

1
E:a§+ﬁR3 = AV Y34 BV | (14.17)

where the constant A is determined by the quark dynamics inside the bag and
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B is the bag constant; for simplicity any surface contributions are neglected. In
Sect. 7?7 we will show that this expression also emerges in a proper quantum
mechanical treatment.

Such a hadron exerts a pressure on the surrounding QCD vacuum,

- 9= %(E/V —4B) . (14.18)

Here E/V is the energy density of the hadron; for a hadron in equilibrium with
the QCD vacuum it has the value E/V = 4B. Assuming a value of 0.8 fm for
the typical hadron radius, the energy density of the nucleon, for example, is
440 MeV /fm®. This fixes B in equilibrium to a value of B &~ 110 MeV /fm®, in
reasonable agreement with the values extracted from explicit bag model calcu-
lations, as will be discussed in Sect. 77.

If the energy density is increased by heating the hadron, then the kinetic
pressure of the quarks increases, the pressure P becomes positive and the bag
tends to expand. In this situation, neighboring bags in a nucleus could merge
into one big bag inside which quarks and gluons would move freely so that
possibly a new phase of matter, the so-called “quark—gluon plasma’”, would be
formed. The same scenario is possible if nuclear matter is compressed to high
densities. A very simple estimate for the densities where the bags start to overlap
can be obtained by noting that at normal nuclear density po = 0.15 fm ™3 the
specific volume, i.e. the volume available for each nucleon, is v = 1/pg ~ 6 fm?
and thus about 3 times that of the nucleon (V = 2.15 fm®) itself. Thus, at
densities of about 3py deconfinement will set in. When the quarks become free
inside a larger volume their mass drops from the constituent mass of about 300
MeV, owing to the binding of the massless quarks inside the hadron, to their
free value (m = 0). Therefore, chiral symmetry, which is spontaneously broken
in the confinement phase, should be restored at temperatures higher than 7.

In a thermal scenario the new phase is expected to emerge for P > 0, i.e.

E/V > 4B ~ 500 MeV /fm*

Let us therefore assume that the transition to this new phase is completed
for energy densities larger than about 1 GeV/fm?’. The temperature needed
to achieve this energy density is T, ~ 150 MeV for vanishing baryon-number
density.?2 This estimate we can obtain from the energy density of a system of
noninteracting massless quarks and gluons [MUES85, CLE86], with zero overall
baryon number in thermal equilibrium at temperature T
82 4 e 4
€= ET +NfﬁT + B

Here the first term gives the contribution of the gluons (Stefan—Boltzmann law)
and the second that of the quarks; Ny is the number of quark flavors.

While these simple estimates are based on the phenomenological model de-
veloped in the last section, this problem can also be tackled by the much more

2Here we have used units where the Boltzmann constant k = 1.
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sophisticated lattice QCD calculations, briefly mentioned at the start of section
14.3.3 [DET95]. In a world without any quarks these calculations find a critical
temperature for pure color deconfinement of about 260 MeV [LAE96]. If quark-
antiquark excitations are taken into account as well, then a critical temperature
of around 140 MeV (at zero baryon density) is found for the drop of the chiral
condensate down to zero, signaling the restoration of chiral symmetry as we
have discussed in Sect. 6.2.3. Above the critical temperature these calculations
show still significant interactions so that the simple considerations above, that
were based on the assumption of a gas of free quarks and gluons, are, although
qualitatively correct, quantitatively oversimplified. The quark-gluon plasma is
a state of still interacting quarks and gluons which are unconfined and for which
chiral symmetry is restored. This is the state of matter of our universe during
the first few microseconds after the big bang.

To summarize, we have seen that QCD suggests the existence of two phase
transitions, the color-deconfinement transition and the restoration of chiral sym-
metry, at high temperatures and possibly also high densities. Lattice QCD cal-
culations for vanishing density give the result that these transitions are related
and appear at the same temperature although their exact relationship is so far
not well understood.

It is hoped that these new phases of matter could be observed in the interior
of neutron stars (high densities) or in high-energy heavy ion collisions (high
temperatures and densities). Experiments using such beams have been under-
taken at the AGS accelerator at Brookhaven National Laboratory (USA) and at
the SPS accelerator at CERN (Switzerland); the AGS reaches a c.m. energy per
nucleon-pair of about 5 GeV, whereas the SPS gets up to about 17 GeV, both
for heavy systems. Analyses of particle spectra obtained from such reactions
show that freeze-out temperatures, i.e. temperatures at the time when the ob-
served hadrons were emitted from the interaction zone, of about 120 MeV and
160 MeV are reached at the AGS and the SPS, respectively. If thermalization
of all degrees of freedom in the reaction volume is reached also before freezeout,
then these temperatures indicate that present-day experiments either already
reach the critical point or are close to it [STO98].

In 1999 a new dedicated Relativistic Heavy Ion Collider RHIC will start
to operate at Brookhaven (with a c.m. energy per nucleon pair of about 500
GeV), and, according to present plans, in 2005 the Large Hadron Collider LHC
at CERN will start to accelerate also heavy ion beams (with an energy per pair of
about 5 TeV). At these machines the energy densities reached are expected to be
about an order of magnitude larger than in present-day experiments [MUE9S].
It is now a challenging task to identify experimental signatures for the presence
of a quark—gluon plasma phase during the collision [MUE98, ST098].
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Appendix A

Solutions of the Free Dirac
Equation

A.1 Properties of Free Dirac States

The free Dirac equation

- ov
(@ -p+m)¥ =i— (A.1)
ot
is solved by the ansatz
U(z,t) = w(p,s)e” 7" (A.2)

where w(p, s) is a four-component spinor of c-numbers (the physical significance
of the additional quantum number s is explained below). The eigenvalues are

E=+\p2+m?=+E, (E,>0) . (A.3)

Following the notation of Lee [LEE81], we denote the spinors w to posi-
tive energies by u, those to negative energies by v. These obey the following
equations:

@rem{ 100 = 0 .

For simplicity, the vector arrows over p in the spinors will be dropped in the
following equations and in the main text (p’is here a vector with c-number
components and not an operator). Note that v(p, s) obeys the equation?

(@-p = pmv(p,s) = Ep v(p,s) (A.5)

1The spinors u and v used here are identical with those of Bjorken and Drell [BJO65].
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The Dirac equation can also be written in a covariant form by introducing
the v matrices

70—6—((1) _01) vi—ﬁai—(_(; ;) (A.6)
The ~ matrices obey the algebra

v =29", (A7)
so that

Yo=+1, vm=-1. (A.8)

In terms of these matrices the Dirac equation (A.1) reads

(iv"9, —m)¥ =0. (A.9)

Helicity

The meaning of the second quantum number s becomes clear by the explicit
construction of an operator that commutes with the Hamiltonian of the free
Dirac equation and thus represents a conserved observable,

[i-pi & p+ ﬁm} ~0. (A.10)

The 4 x 4 spin matrix ¥ is built from the normal (2x2) Pauli spin matrices via

f;:<‘g 9)_ (A.11)

g

Therefore the eigenvalues of 5. p can be used to specify the physical states of a
free Dirac particle in addition to the momentum

5 E ’U,(p, 8) — 9 U(p, 8)
. Iﬁl{ v(—ps) 2 { v(=p, s) (A.12)

with s = +1/2 . The quantity s is called “helicity”; it describes the projection
of the particle’s spin onto its momentum direction.
Normalization

The equations determining the adjoint spinors uf and v are obtained by first
taking the adjoint of (A.4, A.5), using the fact that @ and 3 are hermitian:

ul(p,s)(@-p+pm) = E,ul(p,s)

vi(p,s)(@-p—pm) = E, vl (p,s) . (A.13)
Next, 3% =1 is used to obtain

u(p,s)(Ba-p+m) = Eyu(p,s)B

17(]9, S)(ﬁ&ﬁ_ m) = Epﬁ(pvs)ﬁ : (A14)
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Multiplying (A.14) from the right with 8 and using the anticommutation relation
{8, a;} = 0 finally gives
’a(p, 8)(_&ﬁ+ ﬁm) = Ep’a(p, 8)
u(p,s)(@-p+pm) = —Epo(p,s) . (A.15)
Since u(p, s) and v(—p, r) are eigenvectors of the same hermitian matrix (see
(A.4)) with different eigenvalues the following relations must hold for arbitrary
8, 1
uT(pa S)’U(—p,"’) =0
ol (p, M) u(=p,s) = 0 . (A.16)

Another orthogonality relation follows if u(p, s) and u(p,r) or v(p,s) and
v(p,r) are eigenvectors of the helicity-operator (A.12) with r # s :

ut(p, $)ulp,r) = ol (p, $)o(p,r) =0 for 7 # 5. (A17)
The normalization of the spinors is achieved by requiring
ul(p, s)u(p,s) =

vi(p, s)o(p,s) = (A.18)

3 ||

This normalization condition is Lorentz-covariant because both sides of (A.18)
represent the zeroth component of a four-vector, on the lhs the probability
current and on the rhs the four-momentum.

The corresponding relations for the adjoint spinors @ and ¥ can be obtained
by manipulating (A.4) and (A.10). Multiplying the first of equations (A.4)
from the left with @ and the first of equations (A.15) from the right with « and
summing both gives

a(p, s)u(p,r) = EﬁpuT(p,s)u(p, r)=0ps . (A.19)
The analogous operation for the second of equations (A.4) and (A.15) yields
o(p, s)v(p,r) = —Eﬂva(p, s)v(p,r) = —0ps - (A.20)
Similarly, one obtains
u(p, s)o(p,r) = v(p, s)u(p,r) =0 . (A.21)
For convenience all these relations are summarized here:
Wl ulpr) = b2 ap sulpr) = b
o) = G2 i) = —b, (A2

uT(pa S)’U(—p,’l”) = 0 ’EL(p, S)’U(p, T) = 0
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Explicit Spinor Representation

Explicitly, the free spinors are given by

¢(p,s)

u(p,s) = N G-

o(p.5) (A.23a)
E, + 8

g-p s
v(p,s) = N[ Ep+t x(P:s)

x(p, )

(A.23b)

Here ¢ and x are two-component spinors and the normalization constant is
determined by (A.18),

N:,/M , (A.24)
2m

if the two-spinors ¢ and x are themselves normalized to 1. The ansatz (A.23)
can be verified by inserting it into (A.4).

The two spinors ¢ and x in (A.23a - A.23b) have to fulfill conditions that
stem from the helicity eigenvalue equation (A.12). These are

—
—

a-%tp(p,s) = 2s¢p(p,s)

5-%%1),5) = —2sx(ps) . (A.25)

Here & represents the normal 2x2 Pauli spin matrices. The helicity operator on
the lhs is given by

o ﬁ 1 < Dz Pz — ipy >
0 — = — . ‘ A.26
A F \ peting  —p. (4.26)

in a representation in which o, is diagonal. Note that in this representation
the components of ¢ and x are in general complex; they also still depend on p.
If the z-axis is chosen parallel to the momentum p then the helicity operator
(A.26) is diagonal with eigenvalues +1 and —1 (helicity representation); in this
case the two-component spinors ¢ and y are the usual Pauli spinors.

Charge Conjugation

We will now briefly establish a connection between the spinors to positive and
negative energy, v and v. Taking the complex conjugate of (A.25) yields

—% ﬁ * *
o =v*(p,s) =2s p*(p,s) . A.27
|13190( ) (p,s) (A.27)

&* = (io,)é(ioy) (A.28)
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and o = 1 and multiplying (A.27) from the left with iz, transforms (A.27) into

- Ealio,)o" (0.5) = ~2s(i0)¢" (.5) (4.29)

Comparison of (A.29) with (A.25) shows that (ioy)¢*(p, s) and x(p, s) obey the
same eigenvalue equation (the same is true also for the Dirac equation (A.4)).
Since they are both normalized, they have to be identical up to a phase that
can be chosen to be 1:

X(p; s) = (ioy)"(p, s) (A.30)
For the full four-spinor this condition reads
v(p,s) = iv*u*(p,s) . (A.31)

Equations (A.30) and (A.31) thus connect spinors to positive and negative en-

ergy.
Since v(p, s) solves (A.4) with negative energy and momentum, the corre-
sponding full spinor (A.2) can be written as

WY (z,t) = v(p, 5)eP* . (A.32)

This “charge conjugate” solution of the Dirac equation is related to the solution
with positive energy and momentum,

U(z,t) = u(p,s)e” 7" (A.33)
via (A.31) as follows:
U (x) = in’u*(p,s)e'P” (A.34)

= () =iy (¥'(@) " =1 (T (@)
The term “charge conjugate” becomes plausible when observing that the U(1)
phase transformation for ¥ is
U - =c 9y |
whereas, because of (A.34), for U¢ it is
UO — P = etieayC (A.35)

so that the conserved charges associated with these fields differ by a sign. Thus,
if ¥ describes a fermion of mass m and charge ¢, the charge conjugate solution
describes an otherwise identical fermion with charge —gq.

Parity

Since 7y anticommutes with all v, we can easily see from (A.1) that with ¥(Z,¢)
also

P U (Z,t) =y V(-Z,1) (A.36)
fulfills the Dirac equation. (A.36) gives the parity transformation of the Dirac
theory. An immediate consequence of this transformation property is that the

antifermions, described by (A.34), have a parity opposite to that of the corre-
sponding fermion.
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Fermion Bilinears

Finally, we add without proof a list of the most important expressions that
are bilinear in the fermion fields and their transformation properties. These
operators can be obtained by using the Lorentz transformation properties of
Dirac spinors. The matrix 5 appearing in the pseudoscalar and pseudovector
bilinears is defined in the next section.

scalar U/ (")’ () = U(x)U(x)
vector ("), V' (2) = au¥(r)y" ¥ (z)
pseudoscalar U (2" )ys 0’ (2') = det(au,)P(z)y5¥ ()
pseudovector U (2" )y U (2") = det(auw)aum

X (x)y57" 0 (x)
e V(@)omal'(@) = agarn @) ¥a)

with o = 17, ]

(A.37)

Here a,,, is the Lorentz transformation matrix and x’u = a,T”.
A.2 Massless Fermions
For a massless fermion the free Dirac equation reads

o, ¥ =4"p, ¥ =0 . (A.38)
We now introduce the matrix

. 0 1

v =10yt =40 = ( 10 ) (A.39)

which anticommutes with all y#
2
{Ar=0, () =1. (A.40)

Multiplying (A.38) with 5 shows that with ¥ also 5 ¥ is a solution of the Dirac
equation for a massless particle; 5 is called the “chirality” operator. Thus, also

Wy =5 (1-75) 0 (A41)
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and

1
\I/R = 5 (1 + ")/5) v (A42)
are solutions; for a stationary state they all belong to the same eigenvalue as .

These new states are eigenstates to s

’}/5\I/L = —\I/L (A43)
’)/5\I/R = +\I’R. (A44)

Multiplying (A.38) with 4°7° = —iy14243 gives, on the other hand,
Y pU =~ | (A.45)

because of 7°v%y% = %%, Since for a massless particle we have p® = |p], this
equation gives

SRR P A.46
= (A.46)
Thus, for a massless particle the chirality equals the helicity. Note, that while all
particle states can be chosen to be eigenstates of helicity, only massless particles
can be in eigenstates of chirality. While the former can be changed by going
from one Lorentz frame to another, the latter is an invariant property of the
state. If the Hamiltonian describing the particle commutes with the chirality
operator 5, then the chirality is a conserved quantum number.

The spinors ¥, and Ui have only two independent components, as one can
easily show. Massless particles could thus be described by a two-component
spinor theory; the equation of motion governing their evolution is either the
‘Weyl” equation, obtained from the Weyl Lagrangian (??) or the Majorana equa-
tion obtained from the Majorana Lagrangian (77).

Special care has to be taken if charge-conjugation is applied to the fields
(A.41) or (A.42). For example, the field

e = (0)° = iy 007 (A.47)

does not describe the charge-conjugate field to ¥y, as one could think by looking
at (A.34). This can be seen by noting that charge-conjugation does not affect
the momentum and the spin of the particle so that the chirality does not change
under C. In contrast, the field (A.47) is right-handed as follows from

VU = iy57%7 00 = —in? (13 0L)* = +iy2y00f = + 0 . (A.48)

An additional parity transformation, however, changes the sign of the mo-
mentum and thus also the helicity so that one has to identify (A.47) with the
CP transformed state of Wy,:

UE =iy 00T ()" (A.49)

This follows formally from observing that the matrix vy contained in the parity
transformation (A.36) anticommutes with 5 and thus changes the sign of the
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chirality. The same relation as (A.49) also holds for the right-handed field.
Thus, in general, for fields with a definite chirality the transformation (A.49)
corresponds to a combined C'P transformation.

In this book we denote by the superscript C the mathematical operation
(A.34) regardless of its physical meaning: for fields with mixed handedness
UC indeed denotes the charge-conjugate field whereas for fields with a specific
handedness it denotes the C' P-conjugate states.

A.3 Dirac and Majorana Fields

If the field of a particle is given by an equal-weight mixture of left- and right-
handed parts

U =Ug + Uy (A.50)
the particle is called a Dirac particle. The massterm is then given by
Lp = —mD\iJ\IJ = —mp (\I/L\IJR + h.c. ) . (A.51)

In this case there exists a distinct antiparticle to each particle, e.g. the antineu-
trino is different from the neutrino; U(1) symmetry is unbroken and additive
quantum numbers, like e.g. lepton number, are conserved. There are four de-
grees of freedom for a Dirac particle: particle and antiparticle, each with positive
and negative helicity.

If, on the other hand, the particle is a Majorana particle, its field is given by

1
Uyp, = — (U, 4+ 0°) | A.52
ML \/5( L+ Ur) ( )

if it is left-handed, and by

1
Uyr = — (Tr + T]) , A53
if it is right-handed. In both cases particle and antiparticle are mixed and U(1)
symmetry is thus broken. In this case there are only two degrees of freedom:
positive and negative helicity, since the particle is its own antiparticle. The
mass term is given by

Laf = _m;@ T 0C — m;“‘ TRUS + hee. . (A.54)

The left- and right-handed Dirac fields can be obtained by projection from
\I]ML and \IJMR
v, = (1—=5) YmL

Ur =

Sl =Sl

(1+7) Yur . (A.55)
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so that the Dirac mass term can be rewritten as

Lp = —mD\TJ\IJ = —mp (\I/L\I/R + h.c. )
m — _
= _TD (Unr P + U Uur) - (A.56)

The Majorana mass terms can also be rewritten as
Ly = —mvL Y Pur — murY MR Y MR - (A.57)

The most general mass term for a four-component fermion could then be
written down as a combination of (A.56) and (A.57)

_ _ m _ _
L = —muLYymL¥YuL — mMrRYMRYMR — —2D (UnrPMr + UvLVyir)
1
— — mML 5MpD \IJML
= — (ML 2 . A58
( ML MR) ( %mD MMR > < \IJMR > ( )

The fact that the mass matrix is not diagonal shows that the fields Wy, or
Wy are not the physical mass eigenstates. The latter can be obtained, however,
by diagonalizing the (2 X 2) mass matrix in (A.58). The eigenstates are then
in general found to be superpositions of left- and right-handed Majorana fields
with different masses. The Lagrangian (A.58) thus — in spite of the explicit
appearance of a Dirac mass term in it — describes two Majorana fields . Dirac
fields can be retrieved from this general solution as a special case for my, = 0
and myr = 0. In this case the two Majorana fields can be combined to yield the
Dirac field and its charge-conjugate partner. On the other hand, for my, = 0
and myr > mp a light left-handed and a heavy right-handed neutrino are
obtained.






Appendix B

Explicit Quark States for
Hadrons

In the following, we construct the quark wavefunctions for the nucleon and some
other baryons and mesons that are useful for explicit calculations. In contrast
to the considerations in Sect. 4.2, the spin degree of freedom is now explicitly
included.

First, the wavefunction for the proton is considered. The proton is a member
of the baryon spin-1/2 octet B} (see (4.26)). Obviously it must be completely
symmetric in its flavor-spin part under exchange of any of its three quarks
(assuming again that the three quarks occupy spatially symmetric states). The
detailed structure of the proton wavefunction is fixed by observing that the
flavor part Bi(= p) (see (4.27)) is antisymmetric under exchange of particles 2
and 3. Since the total spin is 1/2, the wavefunction is uniquely determined:

|p(17 2, 3)> = Cb(L 2, 3)
x [u(1) (u(2)d(3) — d(2)u(3)) (B.1)
T@@T@2)1G)-1(2)1(3))+cyel] .

Here cycl. denotes the cyclical permutation of quarks 1, 2 and 3; it symmetrizes
the spin-flavor part. C is the totally antisymmetric color state for the baryons
(see (4.31)) and T and | denote the spin-up and spin-down wavefunctions,!
respectively. The spatial wavefunction has not been written down. Note also
that the cyclical permutation in (B.2) generates a state with good spin S = 1/2.
Writing out all the terms in (B.2) explicitly yields

p) = N[2]114) +2]411) + 2 |141)
— [123) — |312) — [231)
— |321) — |132) — [213)] , (B.2)

IWhen we talk of ‘spin’ here we really mean the z-component of the total angular momen-
tum, j., of a quark.
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where N is the normalization coefficient and the flavor-spin combinations u T,
ul,dT,d],sT, s | are denoted by the numbers 1 to 6. If we assume that
the one-quark states are normalized, then the normalization coefficient N of |p)
comes out to be

1
VI8

It is clear that the state (B.2) is symmetric under exchange of any two quarks;
antisymmetry of the full proton state is achieved by multiplying with the totally
antisymmetric color singlet state C, in (B.2).

The neutron state, which has the quark content (ddu), can easily be obtained
from the proton wavefunction (B.2) (quark content (uud)) by converting all u-
quarks into d-quarks and vice versa, i.e. by replacing (1,2) < (3,4). In order to
preserve the correct SU(3) transformation properties, we have also to introduce
a phase (—1) for the neutron, so that

7_B3 =7_|p) = B = |n) (B.3)

(see (4.26, 4.27)) holds. Here 7_ is the usual isospin lowering operator (3.62).
Since |p) is a three-quark state and 7_ a three-particle operator, we have, more
explicitly
3
) =7 |p) =D ()i [p(1,2,3))
i=1

By using that in the notation above the first quantum number always refers to
particle 1, and so on, the neutron state is easily obtained:

In) = —N[2[332) + 2]323) + 2(233)
— [341) — [134) — |413)
—[143) — [314) — |431)] (B.4)

with the same normalization factor as above.
As another example we now construct the wavefunction of the AT (= D112,
see (4.28)) belonging to the baryon decuplet. Its wavefunction is given by

AT = Cy(1,2,3) [u(1)u(2)d(3) + d(1)u(2)u(3)
Fu(1)d(2)u@) T D) T (@2)T3) . (B.5)
The spin-flavor part in the notation introduced above is thus
|AT) = N[|113) + [311) + |131)] (B.6)
with N = 1//3.

Since the different flavor-spin combinations v T, u |, d T, d |, s T, s |
are numbered with o = 1,2, ...6, the spin-flavor part of all baryon states reads
(abbreviated),

1B)st = Tapy [af37) (B.7)
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where the T,3+ are completely symmetric expansion coefficients and |af37) de-
notes a tree quark state with particle 1 in the state «, particle 2 in 8 and 3 in
and thus without any specified exchange-symmetry. Without explicit proof, we
just mention here that the 7,3, belong to a 56-dimensional representation of
SU(6) where the fundamental representation is given by the sextet of the three
quarks with both spin directions (o = 1, 2, ...6) [LIC78]. The group contains
6 X 6 — 1 = 35 generators: the 8 Gell-Mann SU (3) matrices, the 3 SU(2) spin
matrices and their 24 pairwise products. The SU(6) symmetry implies that
forces between the quarks are spin- and flavor-independent. Exact SU(6) sym-
metry would thus imply that the baryon decuplet (S = 3/2) and the baryon
octet (S = 1/2) have the same mass. In reality, the mass-splitting between
them is of the same order as within the individual multiplets so that SU(6) is
broken to the same extent as SU(3).

As a final example for a meson composition, the state of the pion is given.
The ©t has the flavor composition ud, so that

m(1,2) = Cn(1,2)u(1)d(2) [T MI@-1MW1T@) , (B.8)
where C,, is the color singlet state (4.32). The spin-flavor part is thus

[7*) = N[14) - 23)] , (B.9)
with N = 1/v/2.

So far, the color states C} and C,, for baryons and mesons, respectively,
have been separated from the spin-flavor part of the hadron states. For many
applications in field theory it is easier to work in second quantization where the
operators carry all the single-particle quantum numbers. The transition to this
notation can be easily achieved by ascribing particle-creation operators to the
individual quark states, labeled 1 to 6 above, and then antisymmetrizing over
the color degree of freedom. For example, for the proton we then obtain

T T T
p) ~ Taprecreral, afy al |0)

where the completely symmetric coefficients Ti, 3 are the same as in (B.7). The
antisymmetric tensor €...» achieves the antisymmetrization in the color degree
of freedom; the labels ¢, ¢’ and ¢”’ run over the three colors red, green and blue.

The antisymmetrization inherent in the anticommutator relations for the
particle creation operators just compensates that in the antisymmetric tensor
€ccrerr. Therefore all the hadron states are still described by the expressions
given above if we introduce the new notation

t oot ot
laBy) = ai a% af’y |0) (B.10)

where 1, 2 and 3 denote the colors red, green and blue (note that the colors
are now ordered in (B.10)). Thus, the totally antisymmetrized proton state
(including the color part), for example, is now given as

Ip) ~ Tapy |afB7) . (B.11)
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Analogously all the other states given above remain unchanged if it is under-
stood that |af7y) now denotes an antisymmetric three-quark state, where the
antisymmetry is due to a fixed color-ordering of the creation operators.

As an example, we now evaluate explicitly expression (?77). We have

(aglaéc — aff%cafi%c) [n) =
= —N{[2]132) +2|312) + 2]123) 4 2|321)

+2213) 4+ 2|231) — |141) — |114) — |[411)

—|141) — |114) — |411) ]

—[—321) — |132) — |213)

—123) —|312) — |231)]} . (B.12)
The terms in the second square bracket denote the contributions from the spin-
(—1/2) term in the operator. In the summation over the color index, it has been

used that the colors are ordered in the states |a37) as we show here explicitly
for the first term on the Lh.s. of (B.12):

= |132)+312) +0

The second line can easily be obtained from the first by noting that in the state
|332) the colors are ordered according to (B.10).



Appendix C

Table of Hadron Properties

The following is a table of the properties of energetically low-lying hadrons.
Given for each particle are the spin J, isospin T, parity m, strangeness S, hy-
percharge Y and mass and mean lifetime (or, equivalently, full width for short-
lived particles). All numbers are taken from the 1998 Review of Particle Physics
[PDGI8] that contains listings of the properties of all known particles.
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(a) Baryon Octet

Particle (J,T)" S Y Mass/MeV mean life/s

p (%, %)JF 0 1 938.3 stable

n 3.5Ht o0 1 939.6 887

st G -1 0 1189.4 0.8x 10710
%0 (5Dt -1 0 1192.6 7.4 x 1072
n- Gt -1 o0 11974 1.5x 10710
=0 G hHt -2 -1 13149 2.9x 107
= (3,37 -2 -1 13213 1.6 x 1070
A 3.00F -1 0 11156 2.6 x 10710

(b) Baryon Decuplet
Since these states have very short lifetimes of the order 10723 s, here the widths
are given instead. The four members of the T' = 3/2 multiplet all have very

similar masses and widths; therefore the A has been listed only once.

Particle (J, )™ S Y Mass/MeV Full width/MeV

A 2,5 o 1 1232.0 120
$(1385)* (3,1t -1 0 1382.8 36
$(1385)°  (3,)T -1 0 1383.7 36
£(1385)" (3,1)f -1 0 1387.2 39
2(1530)° (3, )T 2 -1 1531.8 9
2(1530)" (3, ) 2 -1 1535.0 10
Q- (2,00t -3 -2 1672.4 8x10~12
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(c) Pseudoscalar Mesons (meson octet and singlet)

Because of their quark-antiquark structure, all mesons contain their antiparticles
in the same multiplet.

Particle (J, )™ S Y Mass/MeV mean life/s

KT K~ (0,3)" +1 =+1 493.7 1.2x1078

KO K° 0,3)7 41 =+1 4977 9x10~1 —5.2x108
L o (0,1)~ 0 0 139.6 2.6x1078

70 (0,1)~ 0 0 135.0 8.4x10~'7

N (0,0)~ 0 0 547.3 5.6x10719

meson singlet

7' (958) (0,0) 0 0 957.8 3.0x102!

(d) Vector Mesons (meson nonet)

Here the two isoscalars belonging to the vector meson singlet and octet are
strongly mixed. The resulting physical particles are the w and ¢. Again the
antiparticles belong to the same multiplet. They are obtained from the particles
listed by inverting the signs of S and Y. Thus the K™ contributes four and the
p three different mesons to the multiplet.

Particle  (J,T)™ S Y Mass/MeV Full width/MeV

K*(892) (1,3)” +1 +1 893.1 50.7
p(770)  (1,1)= 0 0 770.0 150.7
w(783)  (1,0)~ 0 0 781.9 8.4
$(1020) (1,00~ 0 0 1019.4 4.4
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